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SUMMARY
Random access schemes are primarily used for data transmission in the uplink of
cellular networks. Every user in a random access network is programmed to follow a prede-
termined transmit control policy that is designed to achieve optimal network performance.
This approach, however, is not very efficient in cellular networks where channel conditions
vary from time to time. Employing a fixed transmission policy may not guarantee optimal
performance. To alleviate this problem, recently, channel aware random access schemes
have been proposed wherein information available at the physical (PHY) layer is utilized
at the higher layers to maximize the network throughput. Such a cross-layer approach
naturally has its share of challenges and problems.
The objective of the proposed research is to study the effect of multicarrier diversity
on channel aware random access schemes. First, we describe two generic random access
schemes - channel aware multicarrier random access (CAMCRA) and no selection random
access (NS-RA) for multicarrier networks. The former is based on judicious carrier selection
and exploits multicarrier diversity while the latter does not perform carrier selection. For
illustration purposes, we consider the well-known Aloha protocol and study the effect of
channel state imperfection on the overall network throughput. We show that networks
employing the NS-RA scheme are extremely sensitive to channel measurement errors. This
is in contrast to the performance of the CAMCRA scheme that maintains the same order
of throughput in the presence of channel measurement errors. More precisely, the average
asymptotic throughput of the NS-RA scheme under uncertain channel conditions is zero.
The CAMCRA scheme, however, is very robust to estimation errors and maintains the same
order of throughput.
Next, we investigate the stability region of two user Aloha network following the CAM-
CRA scheme. We derive upper and lower bounds on the stability region and compare with
the classical result of Tysabakov and Mikhailov for the NS-RA scheme. Specifically, we
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see how the stability region is enlarged by exploiting multicarrier diversity and performing
carrier selection based on instantaneous channel gains. So far, we have considered colli-
sion channel models where simultaneous transmission of more than one packet results in
no successful transmission. In practical fading channels, due to the varying level of the
received powers, it is possible sometimes to receive at least one packet even in the presence
of multiple interferers. We then study the effect of the CAMCRA scheme on such capture
networks.
In conclusion, in our research, we have exploited the presence of multiple carriers at
the PHY layer to improve the robustness of random access networks. To that end, we have
considered two popular models – collision and capture – and shown improved stability prop-
erties by judicious carrier selection. Apart from that we have also considered throughput
as a performance metric to compare the effectiveness of proposed schemes. In general, we
observe that networks employing carrier selection result in higher throughput than those
that do not. This is because of the multicarrier diversity benefits that results from carrier




In the layered network architecture, currently, each layer performs operations independent
of the other layers to keep the design simple. With increasingly diverse QoS requirements
this method becomes more and more inefficient and new ways to improve the network
performance are sought. This has resulted in tremendous interest in cross-layer optimiza-
tion [43, 26] for scheduling transmissions over wireless fading channels. In much of the
current literature, emphasis has been mostly on developing algorithms for efficient down-
link data exchange in cellular networks. Almost all of them implicitly require the presence
of a centralized scheduler to achieve the desired performance improvement.
In the uplink direction, due to possibility of collisions, we need to design optimal trans-
mission policies for each user so that the overall network throughput is maximized. There
exists a rich literature (see for e.g. [7]) that deals with such design. However, it has been
only recently [52, 38, 55] that the problem has been studied from a cross-layer perspective.
The important factors that need to be considered while designing cross-layer techniques for
decentralized networks are:
• Maximum achievable throughput : As mentioned before, in decentralized networks each
user wishes to maximize its own throughput. Since lack of coordination can lead
to zero overall throughput, each user must be programmed with a predetermined
transmission policy to ensure that the overall network throughput is maximized.
• Channel estimation error : Since cross-layer based transmission protocols usually op-
erate depending on instantaneous channel conditions of the individual users, it is
imperative to study the network performance under estimation errors. This occurs
often in practice since any channel measurement is bound to be corrupted by noise
leading to imperfect channel state information (CSI).
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• Stability of queues: Current wireless networks are highly heterogenous catering to
diverse QoS requirements of various users. It is then necessary to consider the problem
of buffer overflow while designing a cross-layer based transmission policy. Buffer
overflow can be avoided if the incoming packet rate from the higher layer is less than
the maximum achievable throughput of the network. Also, the stability region of a
random access protocol mainly determines the class of scheduling algorithms that can
be applied to improve the network performance.
Almost all the existing literature that deals with cross-layer design for decentralized
networks (see for e.g. [38, 55, 52]) deals with single carrier networks. In our research, we
describe generic random access schemes suited for multicarrier networks. We then study
the effect of multicarrier diversity on the maximum achievable throughput of the proposed
scheme. We do so by investigating the effect of imperfect CSI on the throughput perfor-
mance and the effect of carrier selection on the achievable rate regions.
This thesis is organized as follows: In Chapter I, we give an overview of the existing lit-
erature on cross-layer design and random access schemes. In Chapter II, we briefly present
the channel aware multicarrier random access (CAMCRA) scheme based on carrier selec-
tion. To emphasize the role of multicarrier diversity, we study the effect of imperfect CSI on
the performance of a well-known random access scheme - channel aware Aloha and derive
bounds on the maximum achievable throughput. Following that, in Chapter III, we con-
sider the stability region of two-user Aloha networks with multiple carriers. In particular,
we compare our result with the classical result of [4]. Finally, in Chapter IV, we consider
Aloha networks with capture and study the stability properties with the CAMCRA scheme
and the NS-RA scheme.
1.1 Literature Review
1.1.1 Cross-Layer Design
Many of the existing cross-layer methods of scheduling have been designed for the downlink
transmission of packets and assumes that there exists a centralized scheduler to co-ordinate
the transmission process [51, 26, 33]. For example, depending on the channel state feedback
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from the users to the base station (BS), [33] exploits the multiuser diversity present in the
wireless fading channels to improve network performance. In [24], the problem of resource
allocation for downlink OFDM networks has been investigated in considerable detail from
a cross-layer perspective. In [18, 19], utility function based cross-layer optimization tech-
niques have been proposed for OFDM networks. In almost all of the literature, multicarrier
diversity has been exploited in one way or the other to achieve better throughput.
The problem of cross-layer design for uplink transmission has been recently studied
in [38, 52, 53]. The capacity of wireless networks for collision channels without feedback
has been derived in [20] and this places upper bounds on the amount of information that
can be transmitted when employing a random access scheme. In [52], a novel decentralized
MAC protocol that exploits multiuser diversity has been proposed to maximize the overall
throughput. In [38], random access (RA) in single-carrier systems with partial channel state
information (CSI), where each user has access only to its own channel conditions, is treated
comprehensively. It has been shown in [38] that population dependent transmission con-
trol can lead to significant increase in the maximum achievable throughput of the network.
In [28], the problem of finding the optimal transmission policy for decentralized networks
employing channel aware random access schemes has been thoroughly investigated. In par-
ticular, it has been shown in [28] that the optimal transmission policy for most decentralized
networks is of a simple ON-OFF type for a large class of fading models. However, the chan-
nel model assumed in [28] has some drawbacks and hence the validity of the results need to
be strengthened under more realistic assumptions.
1.1.2 Imperfect CSI
In much of the literature on design of decentralized MAC protocols, it is assumed that
perfect channel state information (CSI) is available for every user. Moreover, it is assumed
that channel statistics can be estimated with perfect accuracy. This is unrealistic since
there is always some error in estimating the CSI and hence the channel statistics. In [27],
the effect of utilizing imperfect CSI on the capacity of a time-varying wireless channel has
been investigated. The rate of time variation of the channel has been shown to have a
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direct correlation with the loss in mutual information due to imperfect channel knowledge.
In practical cellular environments, we expect the throughput to be drastically reduced due
to fast-fading. However, this is not so. In [8], it has been shown that multiuser diversity in
cellular networks can be exploited effectively to reduce the feedback needs while preserving
the essential of the scheme performance. Recently, in [41, 42], a 1-bit feedback scheme has
been proposed for downlink scheduling in OFDM networks that asymptotically achieves the
same throughput as a scheme with perfect knowledge of the CSI [33, 19]. Thus, it has been
shown that very coarse knowledge of CSI is sufficient to guarantee asymptotically optimal
performance in the downlink of OFDM networks.
The problem of random access schemes operating with imperfect CSI has not been
given much attention to. In [32], sensitivity of network performance to errors in channel
parameters is discussed for opportunistic Aloha. The focus is mainly on shaping the under-
lying channel state distribution to enhance the throughput of the network. This requires
additional complexity at the transmitter as it has to adapt its access control mechanism
to achieve the target distribution a priori [38]. We then investigate the effect of imperfect
CSI on the performance of uplink networks employing channel aware Aloha. We specifically
consider the channel aware Aloha scheme [38, 52] to show the effect of imperfect CSI on
the throughput of uplink networks.
1.1.3 Stability of Queues
Stability of two user Aloha networks was first discussed in [4] in the context of single
packet reception networks. Following that, [40, 39] have given a complete characterization
of infinite user Aloha networks equipped with multipacket reception. Recently, the stability
region for two user Aloha networks with multipacket reception (MPR) has been completely
characterized in [46]. Partial results have also been obtained for a general N user network.
For a general N user Aloha network, queuing analysis seems to be much more difficult
with only the inner and outer bounds available for the stability region. In [36], the principle
of stochastic dominance has been used to find inner bounds on the stability region for the
general N user Aloha network. In [50], necessary and sufficient conditions for the stability
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of queues for a fixed transmission probability vector for the N user Aloha network has
been determined. Recently, tighter inner and outer bounds on the stability region has
been determined in [49]. We consider the effect of multicarrier diversity on the achievable
stability region of two user Aloha networks. Specifically, we allow carrier selection based on
instantaneous channel gains to improve upon the achievable throughput.
1.2 Impact and Future Work
To evaluate the practicality of the proposed work, we appeal to the current wireless stan-
dards that are ever evolving to keep up with the increasing demand for higher QoS. In
IEEE 802.16a (see for e.g. http://www.ieee802.org/16/pubs/80216a-2003.html), a multi-
carrier network is used for data reservation by the mobile users. By the application of our
protocol, it is possible to improve the data rate in such networks.
Another potential application of the proposed work is in the emerging field of cognitive
radios [10, 31]. Cognitive radios (CRs) are smart radios designed to adapt itself to the
surrounding environment and perform functions that best serve the user. The CRs are
unlicensed occupying licensed bands like, for e.g., TV bands with the understanding that
they vacate upon arrival of the licensed user. Thus, they essentially scavenge for white holes
in the available spectrum for data transmission. Orthogonal frequency division multiplexing
(OFDM) is naturally suitable for such networks and this allows for the application of our
proposed multicarrier scheme. Another crucial feature is that the bandwidth available to
the CR network varies with time and this results often in reduced throughput. With the
proposed scheme, however, it is possible to exploit multicarrier diversity to offset much of
the performance degradation.
Throughout our work, we have considered the case of error in channel estimate and its
related statistics. A deeper problem would be to analyze the effect of model mismatch and
its subsequent degradation in throughput. It is of primary interest to understand the degree
of sensitivity of the random access networks and consider the effect of model mismatch on
the underlying channel state distribution. Very often, in the literature [46, 33, 19], it is
assumed that the channel statistics are Rayleigh distributed to simplify the analysis and lend
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insight into the working of protocols. However, in practice, channels could experience the
generalized Nakagami fading of which Rayleigh fading is a particular example. It is therefore
important to understand the effect of model mismatch on the throughput performance of
random access networks. As done in our previous research, we will consider the special case
of channel aware Aloha to illustrate our results.
Another issue to consider is the stability region for general N user networks. So far, in
our research, we have considered the simple two user network to characterize the stability
region. For future work, we will attempt to derive the stability region for a general N
user asymmetric Aloha network. This is important because with the ever growing demand,
future wireless networks will have stringent delay deadlines and an accurate knowledge of the
stability region will ensure that the network design results in as minimal delay as possible.
Also, we would like to incorporate channel uncertainties to see how the stability region is
affected. More specifically, we will derive the stability region of multicarrier channel aware
Aloha with imperfect channel conditions.
6
CHAPTER II
CHANNEL AWARE ALOHA WITH IMPERFECT CSI
2.1 Introduction
Currently, in the network layered architecture, each layer performs operations independent
of the other layers to keep the design simple. This has resulted in tremendous interest in
cross-layer optimization [43, 26] for scheduling transmissions over wireless fading channels.
Most of the current literature on cross-layer methods of scheduling is concerned with
the downlink transmission of packets and assumes that there exists a centralized scheduler
to co-ordinate the transmission process [51, 26, 33]. Assuming that the channel state feed-
back from the users to the base station (BS) is perfect, [33] explicitly exploits the multiuser
diversity present in the wireless fading channels to improve network performance. The prob-
lem of cross-layer design for uplink transmission has been treated recently in [38, 52, 53].
The capacity of wireless system with an underlying collision channel for systems without
channel feedback has been derived in [20]; this places limits on the amount of information
that can be transmitted using a random access scheme. In [38], random access (RA) in
single-carrier systems with partial channel state information (CSI), where each user has
access only to its own channel conditions, is treated comprehensively. It has been shown
in [38] that population dependent transmission control (PDTC) can lead to significant in-
crease in the asymptotic stable throughput (AST) of the system. In [52], a channel aware
Aloha scheme has been proposed for Rayleigh fading networks with each user transmitting
only if its channel condition is higher than a predetermined threshold; the threshold is cho-
sen to maximize the probability of success. In [14], we have proposed a generic multicarrier
random access scheme, which exploits multicarrier diversity, and have shown increase in
throughput by as much as 50%.
In all the above work, it is assumed that perfect CSI is available for every user. More-
over, it is assumed that channel statistics can be estimated with perfect accuracy. This is
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unrealistic since there is always some error in estimating CSI and channel statistics. Re-
cently, [41] proposed a 1-bit feedback scheme for downlink scheduling in OFDM networks
that asymptotically achieves the same throughput as a scheme with perfect knowledge of
the CSI [33, 19]. Thus, it has been shown that very coarse knowledge of CSI is sufficient to
guarantee asymptotically optimal performance in the downlink of OFDM networks.
In this chapter, we investigate the effect of imperfect CSI on the performance of uplink
networks employing channel aware Aloha. We specifically consider the channel aware Aloha
scheme [38, 52] to show the effect of imperfect CSI on the throughput of OFDM uplink
networks. In [32], sensitivity of network performance to errors in channel parameters is
discussed for opportunistic Aloha. However, the underlying CDMA PHY layer is assumed
to be capable of multipacket reception. In contrast, we assume a multicarrier network
with orthogonal carriers as the underlying PHY layer and a more strict collision model [7].
Since the collision model does not allow multipacket reception, this significantly alters
the random access protocol and as a result, the maximum achievable throughput of the
network. Moreover, in [38] and [32], the focus is mainly on shaping the underlying channel
state distribution to enhance the throughput of the network. This requires additional
complexity at the transmitter as it has to adapt its access control mechanism to achieve
the target distribution a priori [38]. We propose the use multichannel networks and exploit
the inherent diversity gain as an alternative to the above mentioned approach. Here the a
posteriori channel distribution is shaped due to the use of a threshold and the presence of
multiple carriers. Our protocol can be incorporated into existing random access schemes
with minimal changes.
Our main result is that uncertainty in channel conditions, however small it may be,
leads to zero throughput asymptotically for single carrier networks with arbitrarily large
number of users [12, 15]. In other words, single carrier networks employing the Aloha
scheme have an average asymptotic throughput of zero under uncertain channel conditions.
However, this is not so in multicarrier networks operating under the same bandwidth. We
prove that the effect of improper knowledge of CSI can be offset by exploiting the inherent
diversity in multicarrier networks. Throughout the chapter, we assume that the transmit
8
power is fixed for all users under consideration.
The chapter is organised as follows: In Section 2.2, we present the channel model
we will be using throughout the chapter. In Section 2.3, we present the channel aware
multicarrier random access (CAMCRA) [14] and the no selection-random access NS-RA
schemes. In Sections 2.4 and 2.5, we study the success probability in the presence of
channel estimation errors for the NS-RA and the CAMCRA schemes, respectively. Apart
from that, in Section 2.6, we consider the overall network throughput performance of the
NS-RA and the CAMCRA schemes. In Section 2.7, we discuss certain practical issues that
need to be considered for the CAMCRA scheme. Finally, in Section 2.8, we present our
conclusion.
2.2 Channel Model
In this chapter, we assume that all users experience identical Rayleigh fading. Moreover,
channel fades corresponding to different users are assumed to be independent. If a signal x
is sent, the received signal y is given by
y = hx + w,
where the fading coefficient h and the additive noise w are modelled as independent zero-
mean unit variance complex Gaussian random variables. We also assume that each user
has access to its channel state information. This is facilitated by allowing pilot symbols to
be transmitted at regular intervals [18].
Given the true channel fading coefficient h, the estimate of the channel ĥ, as obtained
by the user is given by
ĥ = h + e, (2.1)
where e is the error in the estimate. We assume that the estimation error e is complex
Gaussian [54] (possibly dependent on h) with zero mean and variance σ2e . In any channel
aware random access scheme, the user makes decisions about packet transmission based on
the estimated channel coefficient ĥ. Further, let σ2act = E{|ĥ|2} denote the actual variance
of ĥ. In practice, σ2act is never known perfectly to the user and has to be estimated from ĥ
9
itself. Let σ2est denote the estimated variance of ĥ and define





to be an uncertainty parameter. In literature, the minimum mean squared error (MMSE)
estimator [37, 47] is also employed for channel estimation purposes which assumes knowledge
of the channel statistics; in particular the channel variance σ2act. In this chapter, however, we
have not restricted ourselves to any particular class of estimators. As a result, σ2est ∈ (0,∞)
could take any positive value implying that −∞ < ω < 1. We can see that ω = 0 refers to
perfect knowledge of the CSI. As we shall show in Section 2.6, this parameter is crucial in
determining the asymptotic throughput of random access networks operating with imperfect
CSI.
It is important to note that the users themselves are unaware of the uncertainty ω
since the error in estimating the channel and the related statistics are usually unknown. If
ω were known to the users, then it is equivalent to the case of knowledge of perfect CSI.
2.3 Channel Aware Multicarrier Random Access Scheme
In this section, we describe a generic random access scheme for a network with multiple
carriers. This is achieved by making a simple modification to any existing single carrier
random access scheme [14].
Consider a network with Nu users and Nc carriers. Let the set of users be represented
as U = {1, 2, ...Nu} with |U| = Nu. We assume that the time axis is divided into slots of
equal length and packet transmission occurs at the beginning of every slot. Let ASC(Nu)
denote any distributed single carrier random access scheme with Nu users. Also, for the i
th
user, let ĥi,k denote the estimated channel fading coefficient of the k
th channel. We then
describe the channel aware multicarrier random access (CAMCRA) scheme as follows:
CAMCRA scheme: In each slot s,
1. User i, 1 ≤ i ≤ Nu, chooses carrier j(i), where
j(i) = arg max
1≤k≤Nc
|ĥi,k|2. (2.3)
Let Uj ⊆ U , represent the set of users competing for the jth carrier and let nj = |Uj |.
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2. In each carrier j, 1 ≤ j ≤ Nc, apply the ASC(nj) scheme.
In the above description, arg max denotes the carrier index with the maximum gain.
Thus in the CAMCRA scheme, each user is allowed to choose the carrier with the best gain.
This intuitively reduces the contention per carrier and also exploits multicarrier diversity.
As we shall prove later, this indeed affects the stability properties of random access collision
networks. Following the above notation, we have the trivial random access scheme for a
network with Nu users and Nc carriers:
No Selection - Random Access (NS-RA):
In each carrier j, with 1 ≤ j ≤ Nc, apply the ASC(Nu) scheme.
It must be emphasized at this point that the proposed CAMCRA scheme is generic
and is applicable to any existing random access scheme. The main idea of this chapter
is to illustrate the improved stability properties of multicarrier random access networks by
choosing carriers judiciously. Below, we have considered a particular random access scheme,
the channel-aware Aloha, and studied the stability properties with (CAMCRA) and without
(NS-RA) carrier selection.
Before we present our results, we briefly summarize the assumptions we use in our
analysis.
• The transmission is slotted.
• The fading process is independent from one time slot to another and also from one
carrier to another.
• The total transmit power for each user is restricted to be Ptot.
• The total bandwidth available to the network is B Hz.
We now investigate the performance of multicarrier networks under the NS-RA and
CAMCRA schemes under imperfect CSI. Two common measures that determine the per-
formance of any random access scheme are: (a) probability of success per carrier and (b)
overall network throughput. In Section 2.4 and Section 2.5, we discuss the probability of
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success per carrier with imperfect CSI under NS-RA and CAMCRA schemes, respectively.
In Section 2.6, we discuss the impact on overall network throughput.
2.4 Multicarrier Networks With NS-RA
In this section, we investigate the effect of imperfect CSI on the performance of multicarrier
random access networks employing the NS-RA scheme described in Section 2.3. First, we
describe the template random access scheme that will be used throughput the chapter to
illustrate the power of CAMCRA over NS-RA.
2.4.1 Channel Aware Aloha
In this section, we briefly discuss the channel-aware Aloha (CAA) scheme [38, 52] that
has been proposed for decentralized single carrier wireless networks. We use the CAA as
the template ASC(Nu) for performance comparison of the CAMCRA and NS-RA schemes
described above. Also, we consider here the classical collision model [7] under slotted
transmission. Let U = {1, 2, ...Nu} denote the set of users and let ĥi denote the estimated
instantaneous channel coefficient of the ith user.
Channel-Aware Aloha (CAA) [38, 52]: In each slot s
1. Each user chooses a threshold H0(Nu). Let U0 = {i : |ĥi|2 > H0(Nu)}.
2. If |U0| = 1, then success, if |U0| = 0 idle, else collision.
From the above description, it is easy to see that in CAA all the Nu users in the network
contend for the available carrier. Moreover, each user decides to transmit if and only if its
instantaneous gain is greater than a particular threshold H0. Various other transmission
control schemes have appeared in the literature [38, 55] that are in general non-trivial
functions of the estimated channel coefficients. In this chapter, we analyze the thresholding
scheme presented above mainly from the point of view of ease of implementation. Let
aNu denote the probability of success of the CAA scheme when Nu users contend for the
available carrier. We recall that in the collision model, a packet is successfully transmitted
if and only if there is no other packet transmitted in the same slot. If each user transmits
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in a single slot with a probability pNu , then it is easy to see that [7]
aNu = NupNu(1 − pNu)Nu−1.











Suppose now that each user i has perfect knowledge of its instantaneous fading coeffi-
cient hi. For a given threshold H0, the access probability is given by pNu = Pr{|hi|2 > H0}.
Since the users experience Rayleigh fading with E{|hi|2} = 1, we find that pNu =
Pr{|hi|2 > H0} = e−H0 . To achieve maximum overall success probability, it then follows
that e−H0 = 1Nu or
H0(Nu) = lnNu. (2.5)
Thus to determine H0, it is necessary to know the total population of the network Nu.
In the above analysis, we allow all the users to undergo identical fading/shadowing, and
hence the threshold H0 needs to be the same for all the users in order to maximize the
overall success probability. If on the other hand, the users undergo non-identical fading,
then we note that the threshold H0 can be adjusted accordingly for each user to ensure that
Pr{Hi > H0,i} = 1Nu .
Suppose now that the CSI is not known exactly as explained in (2.1) and (2.2). In
other words, for a true channel coefficient of hi, the channel as estimated by the user is
ĥi = hi + ei where the estimation error ei is modelled as a zero-mean complex Gaussian
random variable (possibly dependent on hi) with variance σ
2





the uncertainty parameter where σ2est and σ
2
act denote the estimated and actual variances of
the channel coefficient ĥ. Since the channel coefficient estimated by the user i is ĥi, it can
be seen that the access probability for a threshold Ĥ0, is given by Pr{|ĥi|2 > Ĥ0} = e
− Ĥ0
σ2act .
Since the estimated variance of the channel fading is σ2est, the threshold chosen by the





In this case, the probability p̂Nu that user i transmits in a particular slot is given by






and the overall probability of success is







where the uncertainty ω is given by (2.2) with −∞ < ω < 1. When the CSI is perfectly
known (ω = 0), the expression for aNu in (2.7) reduces to that in (2.4).
2.4.2 NS-RA with Imperfect CSI
Consider now a multicarrier network with Nc carriers and Nu users following the NS-RA
scheme described in Section 2.3. As in [14], we define the population density α = NuNc and
consider success probability and network throughput in terms of the population density α.
To determine asymptotic success probabilities, we let Nu, Nc → ∞ keeping α fixed [14]. Let
ζsc(α, ω) denote the average probability of success for any network following the NS-RA
scheme with an uncertainty ω. We recall that in the NS-RA scheme, in each carrier, all the
Nu users contend for any particular channel. Therefore, from (2.7), we have that








When there is perfect CSI (ω = 0), it is well known [7] that ζsc(α, 0) → e−1 as Nu → ∞.
The quantity e−1 denotes the asymptotic success probability of the channel aware Aloha
scheme with perfect CSI. It is important to study asymptotic success probability for the
following reason. Consider a network of Nu users each equipped with a buffer capable of
holding arbitrarily large number of packets. Further, let the arrival process of each user be
an independent Poisson process with an arrival rate of λNu , so that the overall data rate into
the network is λ. Then it is a well known fact [7] that the buffer of each user is guaranteed
to be stable (see [50] for precise definitions) only if λ < e−1. Thus the asymptotic success
probability also determines the maximum allowable input rate of the network.
For all non-zero ω, we have the following proposition regarding the asymptotic success
probability (see Appendix A).
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Proposition 1 Consider a multicarrier network with Nc carriers and Nu users following
the NS-RA scheme under uncertainty ω. For any network density α = NuNc , let ζsc(α, ω)
given by (2.8) be the probability of success per carrier. Then as Nu, Nc → ∞ with α fixed,
ζsc(α, ω) → 0
as Nu → ∞, for all ω 6= 0. 2
Thus any degree of uncertainty in the channel estimate, however small it may be, leads to
zero asymptotic success probability in networks following the NS-RA scheme. Consequently,
the maximum allowable input rate in NS-RA networks operating under uncertain channel
conditions is zero!
It is important to note that the result in Proposition 1 holds even if the channel
estimate h is perfect, but the user does not know the variance, E{|h|2}, accurately. We
conclude that the performance of the NS-RA scheme degrades with the number of users
when there is uncertainty in channel parameters. Intuitively, the explanation behind such
drastic performance is this: when there is perfect CSI (ω = 0), the threshold chosen by each
user is H0 = lnNu or, equivalently, each user “assumes” correctly that there are Nu users
in the network and chooses the probability of transmission to be 1Nu . However, when ω 6= 0,
the “equivalent” threshold chosen by each user is ln(Nu
1−ω) or each user “assumes” that
there are Nu
1−ω users in the network and chooses the transmission probability accordingly.
When ω < 0, each user assumes that there are more users than the actual number and
reduces its channel access probability leading to reduced throughput. When 0 < ω < 1,
each user assumes that there are fewer number of users than the actual and tries to access
the channel more frequently leading to increased collisions and reduced throughput.
From the above discussion, it is obvious that we can roughly translate the error in
channel estimate to error in network size estimate. It must be then noted that NS-RA
shows such drastic performance only because the error in network size exponentially varies
with the network size. This is in contrast to the results reported in [32] where the error
in network size is modelled as a Poisson random variable with mean equal to the actual
network size. Typically, the number of users in the network may vary randomly over a
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certain period of time, and hence it may be hard to estimate the network population from
slot to slot. Hence most protocols assume a fixed number of users in order to determine the
access probability. In [32], the network size N̂u is modelled as a Poisson random variable
with mean equal to the assumed network size Nu. In other words, although the actual


















which converges to e−1 as Nu → ∞. In general, if Nu denotes the true network population,
assuming that the number of users is N̂u = aNu + b where a, b < ∞ does not affect the
asymptotic throughput. However, assuming N̂u = N
c
u with c 6= 1 does lead to asymptotic
zero throughput.
2.5 CAMCRA with Imperfect CSI
In this section, we determine the overall success probability of CAMCRA scheme with
imperfect CSI. Intuitively, we expect that the CAMCRA scheme should fare better than
NS-RA. The reason is that in the NS-RA scheme, all the Nu users contend in each carrier.
However in the CAMCRA scheme, since the carriers for each user are i.i.d., the probability
that a particular carrier j is chosen for transmission is given by pt =
1
Nc
where Nc refers to
the total number of carriers. If nj denote the number of users contending for the j
th carrier
it can be seen that

















It follows that the average number of users contending per carrier in the CAMCRA scheme
is E{nj} = NuNc = α. Thus, for example, in a network of Nu = 100 users and Nc = 20
carriers operating with uncertainty ω = 0.3, the average number of users contending per
carrier is 5 in CAMCRA but 100 in NS-RA. Correspondingly, from (2.7), the overall success





≈ 0.071. To determine
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Figure 1: Asymptotic success probability of the CAMCRA scheme.
the corresponding success probability for the CAMCRA scheme, we need the following
proposition (see Appendix A).
Proposition 2 Consider a multicarrier network with Nc carriers and Nu users following
the CAMCRA scheme under uncertainty ω. For any network density α = NuNc , let ζmc(α, ω)
be the probability of success per carrier. Then as Nu, Nc → ∞ with α fixed,






where a′n(ω) is the success probability per carrier given that n users contend for a particular
carrier and satisfies limn→∞ a′n(ω) = 0.2
The exact expression for a′n(ω) is derived in Appendix A. In Figure 1, we have numer-
ically evaluated the probability of the CAMCRA scheme given by (2.10) and plotted it as
a function of the network density α for various values of the uncertainty parameter ω. In
particular, for α = 5 and ω = 0.3, we see that the success probability per carrier due to the
CAMCRA scheme is approximately 0.15, nearly double that of 0.071 evaluated earlier for
NS-RA.
As a final note, we would like to mention that the results obtained so far are valid
when the carriers are chosen randomly instead of choosing the carrier with the best gain.
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The reason is that when the carrier is chosen randomly by the user, multicarrier diversity
is not exploited and the only advantage is from the reduced population per carrier. Also,
the above results are valid if the users employ some kind of power control mechanism to
ensure a target received SNR since the transmission rate of each user is then fixed and the
throughput is determined by the probability of success.
2.6 Network Throughput
So far, we have discussed extensively the probability of success of the NS-RA and the
CAMCRA schemes in a single slot with the channel aware Aloha as the template random
access scheme. However, in practice, we are more concerned about the overall throughput
of the network. In particular, we are concerned about the maximum throughput that can
be supported by the NS-RA and the CAMCRA scheme without causing buffer overflow.
This has been termed as the maximum stable throughput in [38]. Consider a network with
Nc carriers following the NS-RA scheme described in Section 2.3 in which every carrier
has Nu contenders. Let U = {1, 2, ..., Nu} denote the set of users. If each user has access
to its perfect CSI {hi,j}Nu,Nci=1,j=1 then given that a particular slot resulted in a successful
transmission for a particular carrier j, the throughput achieved is 1Nc R(max1≤i≤Nu |hi,j |
2),
where R(|h|2) denotes the achievable rate when the channel fading coefficient is h. If we
assume the presence of capacity achieving codes, then [44]








where, Ptot is the total transmit power, N0 is the noise power, and B denotes the total
available bandwidth. Without loss of generality, we let PtotN0 = B = 1.
In the channel aware Aloha with imperfect CSI, we note from the description in Sec-
tion 2.4 that each user transmits in a particular carrier if and only if its threshold is greater
than a predetermined threshold Ĥ0. When the CSI is imperfect, let the channel estimate
be ĥi,j = hi,j + ei,j as given by (2.1) with ei,j modelling the CSI measurement error and
the uncertainty parameter ω be given by (2.2). It follows that the individual users base the
transmission decisions on erroneous channel estimates and hence the maximum achievable
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throughput in carrier j is R̂Nc where
R̂ = R(|ĥm(j),j |2), (2.12)
with m(j) = arg max1≤i≤Nu{|hi,j + ei,j |2}.
In the NS-RA scheme, since all the Nu users contend in each carrier, we find that the
overall throughput is obtained as













where 1 (.) denotes the indicator function and Ej denotes the event
{|ĥm(j),j |2 > Ĥ0}
⋂
i6=m(j)
{|ĥi,j |2 < Ĥ0}.
The above equation can be simplified as
ηsc(α, ω) = Nu(1 − p̂Nu)Nu−1E{R(|ĥm(1),1|2)1 (|ĥm(1),1|2 > Ĥ0)} (2.14)
where p̂Nu denotes the access probability of any user in the NS-RA scheme with channel
uncertainty and is given by (2.6). Note that the above expression can also be obtained from
Theorem 1 of [38].
Regarding the asymptotic behaviour of ηsc(α, ω), we have the following result (see
Appendix A).
Proposition 3 Consider a multicarrier network with Nc carriers and Nu users following
the NS-RA scheme under uncertainty ω. For any network density α = NuNc , let ηsc(α, ω)
defined by (2.14) be the overall average throughput. Then as Nu, Nc → ∞ with α fixed, we
have
ηsc(α, 0) = log2(1 + lnNu)ζsc(α, 0) + o(1) (2.15)
and for any ω 6= 0,
ηsc(α, ω) → 0, (2.16)
where ζ(., .) is as described in (2.8). 2
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Thus we find that any uncertainty in channel conditions, however small it may be, leads
to zero asymptotic throughput in the NS-RA scheme. We have already seen that the prob-
ability of success does not asymptotically go to zero in case of the CAMCRA scheme. We
would like to see the asymptotic network throughput behaviour of the CAMCRA scheme.
The important question now is, does the asymptotic throughput of the CAMCRA scheme
go to zero or is it bounded away from zero? For that we need the following important result
which is also of independent interest.
Multiuser Diversity Theorem (MDT) Consider a slotted network of Nu users, 1 ≤
i ≤ Nu, with hi and ĥi = hi + ei denoting the instantaneous exact and estimated channel
coefficients, respectively, of the ith user. The maximum achievable throughput is given by
R̂ = log2(1 + |hM |2), (2.17)
where M = arg max1≤i≤Nu{|hi + ei|2}. Then we have
E{R̂} ≥ log2(1 + A2 lnNu) − o(1) (2.18)
where A = σact − σe, E{|hi|2} = 1, E{|ĥi|2} = σ2act, and E{|ei|2} = σ2e , respectively. 2
The proof can be found in Appendix A.
It is well known that (see for e.g. [18]) when there is perfect CSI (ek = 0), we have
E{R̂} = log2(1 + lnNu) + o(1). Therefore in the presence of channel uncertainties, we must
have E{R̂} ≤ log2(1 + lnNu) + o(1) = O(ln lnNu). The above theorem essentially asserts
the the lower bound is also of the order of ln lnNu. It can be shown that |A| ≤ 11 and as a
result, the lower bound (2.18) is consistent with the upper bound. In essence, we find that
multiuser diversity is very effective in offsetting the degradation in performance due to the
uncertainty in channel estimate. From MDT, we see that the net throughout is still of the
order of ln lnNu, no matter how uncertain we are about the channel estimate.
We would like to know whether the CAMCRA scheme also ensures non-zero asymptotic
throughput under uncertainty in CSI. If so, we would like to know what exactly is the loss
1From (2.1), σ2act = E{|h + e|
2} = E{|h|2} + E{|e|2} + 2ReE{he∗}. Since E{|h|2} = 1, E{|e|2} = σ2e ,
and |ReE{he∗}|2 ≤ |E{he∗}|2 ≤ E{|h|2}E{|e|2}, we obtain that (1 − σe)
2 ≤ σ2act ≤ (1 + σe)
2. Thus
|σact − σe| ≤ 1.
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in throughput due to channel uncertainty. For a population density α, let ηmc(α, ω) be
defined as the throughput of the CAMCRA scheme operating with an uncertainty ω. We
have the following result (see Appendix A).
Proposition 4 Consider a multicarrier network with Nc carriers and Nu users following
the CAMCRA scheme under uncertainty ω. For any network density α = NuNc , let ηmc(α, ω)
defined by (2.14) be the overall average throughput. Then as Nu, Nc → ∞ with α fixed, we
have
ηmc(α, ω) > log2
(




ζmc(α, ω) − o(1) (2.19)
where ζmc(., .) is as defined in (2.10). 2
Thus, the CAMCRA scheme is much more robust to uncertainty in CSI than the NS-
RA scheme. We have already proved in Proposition 2 that the success probability ζmc(α, ω)
is bounded away from zero. Therefore, the throughput of the CAMCRA scheme is also lower
bounded by ln lnNu as seen from (2.19). In Figure 2, for a multicarrier network consisting
of Nc = 20 carriers with total available bandwidth B = 1 KHz, we plot the throughput as
a function of the network population Nu for various values of uncertainty parameter ω. We
see that the CAMCRA scheme largely outperforms the NS-RA scheme in terms of average
throughput for high values of uncertainty, ω, especially as the network population increases.
2.7 Practical Issues
In this section, we discuss two important practical issues related to the implementation of
the CAMCRA scheme. First, we consider the problem of collision resolution and reservation
in the NS-RA and the CAMCRA schemes, respectively, in the presence of imperfect CSI.
Second, we consider the effect of channel correlation on the throughput of CAMCRA and
the NS-RA schemes.
2.7.1 Collision Resolution in NS-RA
To improve upon the success probability and boost the overall data rate, an opportunistic
algorithm has been proposed in [53] for resolving collisions in the channel aware Aloha
scheme. Specifically a binary search-like algorithm is proposed to determine the user with
21

























Figure 2: Effect on CSI uncertainty on the throughput of CAMCRA for various values of
ω.
the best gain among all the users contending for a given carrier. This is done by allocating a
small number Nt of minislots exclusively for collision resolution before transmission in every
slot and it has been shown that Nt ≈ 3 is enough to achieve success probability very close
to one. We now study the performance of the splitting algorithm proposed in [53] under the
presence of channel estimation errors. Let ζ ′sc(α, ω) denote the probability of success of the
NS-RA scheme with collision resolution when the uncertainty is ω. We have the following
result (see Appendix A).
Proposition 5 Consider a multicarrier network with Nc carriers and Nu users following
the NS-RA scheme under uncertainty ω. For any network density α = NuNc , let ζ
′
sc(α, ω) be
the average success probability per carrier with collision resolution. When there is perfect
CSI (ω = 0), then for any ǫ > 0, there exists Nt sufficiently large that
ζ ′sc(α, 0) > 1 − ǫ.
For any ω 6= 0,
ζ ′sc(α, ω) → 0 (2.20)
as Nu, Nc → ∞. 2
22
The opportunistic splitting algorithm is powerful when there is perfect CSI. By allowing
sufficiently large time to resolve collisions, it is possible to achieve success probabilities
arbitrarily close to one. However, any amount of CSI uncertainty results in asymptotic
success probability of zero even with attempted collision resolution. Thus the performance
of the NS-RA scheme degrades when there is uncertainty in the channel parameters.
2.7.2 Reservation in CAMCRA
In the CAMCRA scheme, we note from the description that any user contending for a
particular carrier j chooses a threshold H0(nj) which depends on the number of users nj
contending for carrier j. Thus each user in carrier j is assumed to know the exact number of
contending users, nj . This may not always be available since nj varies from slot to slot. To
circumvent this problem, we describe below, a novel and simple reservation scheme specially
suited for the CAMCRA scheme.
Let Un = {1, 2, ..., n} be the set of users contending for a particular carrier in the
CAMCRA scheme. Assume that the transmission is slotted and that a small number Nt of
minislots is reserved for collision resolution. Let H0 denote any arbitrary positive number
and {hi}ni=1 denote the instantaneous channel fading coefficients. The reservation scheme
is described below.
Reservation Scheme: In each slot s,
1. User i, 1 ≤ i ≤ n, chooses an integer r(i) randomly from {0, 1, 2, ..., Nt − 1} if and
only if |hi|2 > H0.
2. User i, 1 ≤ i ≤ n, transmits his request to send (RTS) packet in minislot r(i) to the
base-station (BS).
3. If there exists i0 = min{i : r(i) 6= r(j), 1 ≤ j ≤ n}, then user i0 is allowed to transmit;
else collision.
The above reservation scheme works as follows: Each user i contending for a particular
carrier chooses a number r(i) randomly between 0 and Nt − 1, where Nt is the number
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Figure 3: Reservation Scheme for CAMCRA.
and only if r(i) has not been chosen by any other user. If more than one user chooses the
same number j ∈ {0, 1, 2, ..., Nt − 1}, it results in a collision and the BS receives no RTS
in minislot j. The BS sends the clear to send (CTS) message to that user whose RTS is
received first. Figure 3 illustrates this point.
From the above description, we note that the success probability of the reservation
scheme does not depend on the channel conditions. We have the following lower bound on
the achievable success probability (see Appendix A).
Proposition 6 Consider a multicarrier network with Nc carriers and Nu users follow-
ing the NS-RA scheme under uncertainty ω. For any network density α = NuNc , let ζ
′
mc(α, ω)
denote the success probability of the CAMCRA scheme with Nt minislots allocated for reser-
vation as described above. Then as Nu, Nc → ∞,














Thus the asymptotic success probability of the CAMCRA scheme employing reservation is
bounded away from zero. We intuitively explain why the reservation scheme just described
works well for the CAMCRA scheme. In the CAMCRA scheme, in any particular carrier j,
the number of users nj is binomially distributed with E{nj} = NuNc = α. Thus, in a network





Figure 4: Performance of CAMCRA with channel reservation under imperfect CSI.
Nt = 5 minislots are allocated for reservation, it follows from Proposition 2 that the success
probability is at least 0.626, irrespective of the channel uncertainty.
In Figure 4, we plot the throughput curves for the CAMCRA and NS-RA scheme for
ω = 0, 1.5, and 2.5 respectively, assuming a total bandwidth of B = 1 KHz. We have
assumed that a total of Nt = 5 minislots are allotted for collision resolution for NS-RA
and reservation for CAMCRA, respectively. Clearly, we see that the CAMCRA scheme
outperforms the NS-RA scheme in terms of average throughput as the uncertainty increases.
2.8 Conclusion
In this chapter, we have illustrated the power of judicious carrier selection based on chan-
nel fading gains in random access multicarrier networks. To that end, we have proposed
a novel channel aware multicarrier random access (CAMCRA) scheme and compared the
throughput performance with the random access scheme that does not perform smart car-
rier selection (NS-RA). We have shown that the CAMCRA scheme offers high degree of
robustness to channel uncertainties. We have then proposed a novel reservation scheme
specially suited for the CAMCRA scheme to overcome possible technical implementation






In this chapter, we investigate the effect of multicarrier diversity on the stability region of
channel aware Aloha [16, 17]. The stability region for a simple two user Aloha system was
first derived in [4] assuming that the packet arrival process is Poisson under the collision
channel model. Recently, the stability region for Aloha networks with multipacket reception
(MPR) has been completely characterized in [46]. We use a result from [46] to show that
the stability region of multicarrier channel aware Aloha “contains” the stability region of
single carrier Aloha characterized in [4]. Thus, multicarrier diversity improves the stability
region of the two user Aloha network. Throughout the chapter, we assume that the transmit
power is fixed for all users under consideration.
For a general N user Aloha network, queuing analysis seems to be much more difficult
with only the inner and outer bounds available for the stability region. In [36], the principle
of stochastic dominance has been used to find inner bounds on the stability region for the
general N user Aloha network. In [50], necessary and sufficient conditions for the stability
of queues for a fixed transmission probability vector for the N user Aloha network has
been determined. Recently, tighter inner and outer bounds on the stability region has been
determined in [49].
The chapter is organized as follows: In Section 3.2, we describe the channel model used
throughout the chapter. In Section 3.3, we consider multicarrier two user networks and
describe two simple schemes for the selection of carriers. We first allow the users to select
the carriers randomly and derive the stability region. We then consider selection of carriers
based on channel gains and show improvement in stability region because of multicarrier
diversity. In Section 3.4, we present our conclusion.
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3.2 Channel Model
Consider a multicarrier network of n carriers occupying a bandwidth of B Hz. Each carrier
is assumed to be of bandwidth Bn Hz. In this chapter, we assume that all carriers experience
Rayleigh fading and that the transmission is slotted into intervals of equal length. Moreover,
channel fades corresponding to different carriers are assumed to be independent. Strictly
speaking, as the number of carriers becomes larger keeping the bandwidth constant, channel
correlation comes into effect and results in lesser throughput. If a signal x is sent, the
received signal y is given by
y = hx + w,
where the fading coefficient h and the additive noise w are modelled as independent zero-
mean unit variance complex Gaussian random variables. We also assume that each user
has access to its channel state information. This is facilitated by allowing pilot symbols to
be transmitted at regular intervals [18].
Given the instantaneous channel fading coefficient h for a particular user in a particular













where, E{.} is the expectation operator, Ptot is the total transmit power, and N0 is the noise
power. Throughout the chapter, we assume that the total power is uniformly distributed
over all the carriers and for simplicity let PtotN0 = B = 1 and denote
Cmax = E{log2(1 + |h|2)}. (3.2)
3.3 Multicarrier Channel Aware Aloha
Consider a network with two users U1 and U2 wanting to access a multichannel network with
n carriers. We assume that transmission is slotted and that there are capacity achieving
codes so that the throughput in any carrier and in any slot is given by (3.1). Let λ′1 and λ
′
2
denote the input arrival rates (in bits/sec), respectively, of the two users which are assumed
to be Poisson processes independent of one another. We assume that each user has a buffer
size capable of holding arbitrarily large but fixed number of packets. Also, for i = 1, 2, let
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pi denote the access probability of user Ui. Thus in each slot, user Ui flips a biased coin
with probability of heads being pi and transmits if and only if a heads occurs. Obviously if
p1 6= p2, the users do not have equal access to the channel.
Let Qi(n) denote the queue length of user Ui at time slot n. We have the following
definition.
Definition 1 The network is said to be stable [46] under the input rate vector (λ′1, λ
′
2) if
there exists (p1, p2) ∈ [0, 1]2 such that
(a) limn→∞ Pr{Qi(n) ≤ x} = Fi(x)
(b) limx→∞ Fi(x) = 1.
In other words, the Markov chain described by Qi(n) has a well-defined stationary distrib-
ution.
Suppose that p1 = 1 and p2 = 0. Then U1 always accesses the channel and U2 never.
In that case, it is easy to see from (3.1) that the total average throughput of U1 (over all
the carriers) in any time slot is Cmax given by (3.2). To ensure that the queue of user U1 is
stable, by Loynes Theorem [35], it is necessary and sufficient that the input rate is less than
the maximum throughput i.e., λ′1 < Cmax or
λ′1
Cmax




be the normalized input rate for user Ui.
Definition 2 The stability region S2 of a two user network is defined as the set of all input
rate vectors (λ1, λ2) for which the queues are stable, i.e.,
S2 =
{
(λ1, λ2) ∈ [0, 1]2 : ∃ (p1, p2) ∈ [0, 1]2
s.t. (a) and (b) in Definition 1 are satisfied
}
. (3.3)
The stability region for the two-user single carrier Aloha network under the collision











Moreover, for each (λ1, λ2) ∈ S2, it has also been shown that the corresponding access
probabilities of the users, p1 and p2, satisfy p1p2 < 1. For the same bandwidth, in this
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chapter, we present a novel scheme using multicarriers to achieve any (λ1, λ2) ∈ S2 with
p1 = p2 = 1. This is elegant from the point of view of implementation since the users are
free to transmit whenever they have packets to send.
The main advantage of multicarrier networks is that each user Ui has access to more
than one carrier. Throughout the chapter, we allow user Ui to select a fraction αi of the
carriers. First, we let the users select the carriers randomly and describe the stability region
of such a random access protocol. We then allow the users to select carriers according to
the channel gains and show how multicarrier diversity can be exploited to improve upon
the stability properties of two user networks.
3.3.1 Random Selection
Let Hi,k denote the channel gain of user Ui at the k
th carrier. Consider the case when U1
alone accesses all the carriers. Since U1 selects a fraction α1 of the carriers, it is allowed to
transmits in α1n carriers. When the carriers are chosen randomly, it is easy to see that the
maximum (normalized) throughput achievable by user U1 at the k







It follows that the total average throughput of user U1 is
∑nα1
k=1 E{log2(1 + H1,k)}
nCmax
= α1.
When both U1 and U2 are allowed to select carriers independently, there is a possibility
that some of the carriers overlap. Let U1 select α1n carriers and U2 select α2n carriers,
independently. Further, let p1 and p2 be the access probabilities for U1 and U2, respectively.
Thus, for example, in any time slot, with a probability p1, user U1 decides to transmit in
α1n carriers chosen randomly. Note that each carrier is assumed to be a collision channel.
Therefore, in any given time slot, a fraction β ∈ (0, min{α1, α2}) of the carriers would
experience collision and result in zero throughput. Note that β is a random variable since
each user is unaware of the other’s carriers. We have the following theorem.
Theorem 1 Consider a two user multicarrier network with users U1 and U2 having access
probabilities p1 and p2, respectively. If Ui selects a fraction αi of the carriers randomly
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for transmission, the stability region of the resulting protocol is precisely S2 given by (3.4).
Moreover, any (λ1, λ2) ∈ S2 can be achieved with p1 = p2 = 1.
Proof: We consider two cases separately.
• α1 + α2 ≤ 1.
Without loss of generality, let α2 < α1. Given the channel access probabilities p1 and
p2 of the two users, it follows that the throughput of user U1 is given by
p1(1 − p2)α1 + p1p2
∫ α2
0
(α1 − β)dFn(β). (3.5)
The first term in the above equation is the throughput when U2 decides not to trans-
mit. The second term in the above equation is the throughput achieved when U2
also transmits and thus results in a throughput of (α1 − β) for U1. Fn(β) denotes the
cumulative distribution function of the random variable β. Each of the α1n carriers















It can be shown that as n → ∞, Fn(β) → 1 (β > α1α2), where 1 (.) is the indicator
function and hence the asymptotic average throughput of U1 can be obtained from
(3.5) as
η1 = p1(1 − p2)α1 + p1p2(α1 − α1α2). (3.6)
To determine the stability region of U1, we refer to a result regarding multipacket
reception (MPR) channels from [46]. In Eq. (39) of [46], the average throughput of
U1 is derived to be
η1 = p1(1 − p2)q1|1 + p1p2q1|{1,2}, (3.7)
where qi|i is defined as the probability that Ui is successful given that only Ui transmits
and qi|{1,2}, the probability that Ui is successful given that U1 and U2 transmit. A
















Figure 5: Stability region T (α1, α2) when α1 + α2 ≤ 1
Our case is similar to the situation described above since presence of multiple carriers
allow more than one packet to be transmitted in a single slot. The only adjustment
we make is that we redefine qi|i to be the average throughput of Ui given that Ui alone
transmits and qi|{1,2} to be the average throughput achieved by Ui given that U1 and U2
transmit. Comparing (3.6) and (3.7), we find that q1|1 = α1 and q1|{1,2} = α1 −α1α2,






= 1 − α1 + 1 − α2 ≥ 1 (3.9)
since we have chosen α1 + α2 ≤ 1 and thus the channel behaves like strong MPR.
It has been shown in Theorem 3 of [46] that if a reception channel behaves like strong
MPR, i.e. if (3.8) is satisfied, then the stability region is a convex quadrilateral
T (α1, α2) with vertices (0, 0), (q1|1, 0), (q1|{1,2}, q1|{1,2}), and (0, q2|2) as shown in Fig-
ure 5. Moreover p1 = p2 = 1 achieves any (λ1, λ2) ∈ T (α1, α2). Therefore, when














Figure 6: Stability region T ′(α1, α2) when α1 + α2 > 1






= 1 − α1 + 1 − α2 < 1
and the channel is said to be of weak MPR [46]. Given α1 and α2 such that α1+α2 > 1,
the stability region T ′(α1, α2) is shown in Figure 6. The exact expression for T ′(α1, α2)
can be found in Lemma 2 of [46] with the appropriate redefinitions already mentioned.





From Figure 7, we note that given α1 and α2 such that α1 + α2 > 1,
T ′(α1, α2) ⊂ T (α1, 1 − α1) ∪ T (1 − α2, α2)




T ′(α1, α2) ⊂
⋃
0<α<1
T (α, 1 − α) ⊂ Sr,1.
From the above discussion, we deduce that the overall stability region is Sr = Sr,1 ∪ Sr,2 =
Sr,1. Further, it can be easily seen that Sr = S2, where S2 is as defined in (3.4). 2
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Figure 7: When α1 + α2 > 1, T ′(α1, α2) ⊂ T (α1, 1 − α1) ∪ T (1 − α2, α2)
3.3.2 Ordered Selection
Consider a two user network, U1 and U2, with user Ui choosing a fraction αi of the carriers.
In the previous section, we allowed Ui to select the carriers randomly. In this section, we
require Ui to select αi of his best carriers. As before, let Hi,k denote the channel gain of
user Ui at the k
th carrier. Arrange the channel gains in decreasing order and call them
Gi,1, Gi,2, ..., Gi,n. Let Ui select the first αin carriers. Define
C(α) = lim sup
n→∞
∑nα
k=1 E{log2(1 + Gi,k)}
nCmax
, (3.10)
where Cmax is given by (3.2). It can be easily seen that when a user selects a fraction α of
the best of its carriers, the asymptotic normalized throughput of that user is then given by
C(α). In Appendix B, we have proved the following result.
Theorem 2 C(α) as defined by (3.10) has the following equivalent expression:
C(α) =
∫∞
− ln α log2(1 + x)e
−xdx
∫∞




(a) C(0) = 0; C(1) = 1,
(b) If α < α′, C(α) < C(α′),
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(c) 0 < α < 1, C(α) > α. 2
In fact, parts (a) and (b) can be obtained directly from (3.11) and part (c) is proved in
Appendix B. Part (c) of the above Theorem ascertains the fact that multicarrier diversity
results in increased throughput. This is because if the total number of carriers is n, for large
n, C(α)Cmaxn represents the throughput of a particular user that selects a fraction α of its
best carriers and αCmaxn represents the throughput when the user selects a fraction α of
its carriers randomly. In Figure 8, we have plotted the function C(α) as a function of α. It
can be seen that C(α) is an increasing function that satisfies C(α) > α for all 0 < α < 1.
As before, consider now a two user network. When both U1 and U2 are allowed to select
carriers independently, there is a possibility that some of the carriers overlap. Let U1 select
α1n of its best carriers and U2 select α2n of its best carriers, independently. Further, let p1
and p2 be the access probabilities for U1 and U2, respectively. Again, in any given time slot,
a fraction β ∈ (0, min{α1, α2}) of the carriers would experience collision and result in zero
throughput. Also, β is a random variable since each user is unaware of the other’s carriers.
Following the lines of the proof of Theorem 1, we derive the throughput of user U1 to be




where C1(α1, β) is the throughput of user U1 given that a fraction β of the carriers experi-
ence collision. It is tough to get a closed form expression of C1(., .) since the fraction β of
carriers experiencing collision could be from anywhere in the fraction α1. However, C1(., .)
satisfies the following inequality:
C(α1) − C(β) ≤ C1(α1, β) ≤ C(α1 − β). (3.12)
The lower bound is obtained by assuming that β of the best carriers experience collision and
the upper bound is obtained by assuming that β of the worst carriers experience collision.
As in the proof of Theorem 1, Fn(β) → 1 (β > α1α2) as n → ∞ and it can be shown that
the asymptotic throughput of user U1 can be bounded above and below as
ηl ≤ η1 ≤ ηu,
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Figure 8: Plot of C(α) vs. α where C(α) is given by (3.11)
where
ηl = p1(1 − p2)C(α1) + p1p2(C(α1) − C(α1α2)), (3.13)
and
ηu = p1(1 − p2)C(α1) + p1p2C(α1 − α1α2). (3.14)
In what follows, we shall derive the upper and lower bounds on the stability region of two
user multicarrier networks following ordered selection.
3.3.3 Lower Bound
As in proof of Theorem 1, we define qi|i to be the throughput of user Ui given that Ui alone
transmits and qi|{1,2} to be the throughput of user Ui given that both U1 and U2 transmit.
Comparing (3.7) and (3.13) it can be seen that q1|1 = C(α1) and q1|{1,2} = C(α1)−C(α1α2).
Similarly, q2|2 = C(α2) and q2|{1,2} = C(α2) − C(α1α2). From (3.8), we find that the







Simplifying the above equation, we define
Il =
{










to be the set of all (α1, α2) for which the channel behaves like strong MPR. Recall that in
the random selection, α1 + α2 ≤ 1 defines the set for which the channel behaves like strong
MPR. For each (α1, α2) ∈ Il, it follows from Theorem 3 of [46] that the stability region is





to be the lower bound for the stability region of two user multicarrier Aloha network fol-
lowing ordered selection.
It is important to see that if (α1, α2) ∈ [0, 1]2−Il, i.e., if the channel behaves like weak
MPR, the stability region T ′(α1, α2) is as shown in Figure 6. By arguments similar to the
proof in Theorem 1, it can be shown that
⋃
(α1,α2)∈[0,1]2−Il
T ′(α1, α2) ⊂ So,l. (3.15)
Intuitively the above result suggests that allowing both U1 and U2 to choose a large fraction
of carriers does not improve the stability region. We are now in a position to state the
major result of this chapter.
Theorem 3 The stability region of two user multicarrier Aloha network with ordered se-
lection strictly contains the stability region of two user multicarrier Aloha network with
random selection.
Proof: To prove the theorem, it suffices to prove that
Sc2
⋂
So,l 6= φ, (3.16)
where S2 is defined in (3.4). To that end, we prove that the boundary of S2, is contained
in So,l. In fact, if (λ1, λ2) ∈ S2 − S2, it is easy to see from (3.4) that there exists γ ∈ [0, 1]
such that λ1 = γ
2 and λ2 = (1 − γ)2. If we can prove that there exists (α1, α2) ∈ Il such
that (γ2, (1 − γ)2) ∈ T (α1, α2), then we are done. We have proved the following claim in
Appendix B.
Claim: For any γ ∈ [0, 1], there exists (α1, α2) ∈ [0, 1]2 such that C(α1) − C(α1α2) = γ2,
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It is easy to see that if the above claim holds, then (γ2, (1 − γ)2) ∈ So,l and hence every
point in the boundary of S2 is contained in So,l which proves that S2 ⊆ So,l.
To prove that the containment is strict, we let α1 = α0 where α0 is the solution to









































If we can show that
C(α0)C(α′0)
C(α0α′0)
> 1, then (S2 −S2)c ∩T (α0, α′0) 6= φ and this completes the

















α(1 − lnα) < 0
from Part (c) of Theorem 2. Thus f(.) is a non-zero concave function on (0, 1) with f(0) =






To compute the upper bound, we proceed in a similar manner as the lower bound. Compar-
ing (3.7) and (3.14) it can be seen that q1|1 = C(α1) and q1|{1,2} = C(α1 −α1α2). Similarly,
q2|2 = C(α2) and q2|{1,2} = C(α2 − α1α2). We define
Iu =
{








to be the set of all (α1, α2) for which the channel behaves like strong MPR. For each
(α1, α2) ∈ Iu, it follows from Theorem 3 of [46] that the stability region is the convex
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Figure 9: Stability regions for random and ordered selection





to be the lower bound for the stability region of two user multicarrier Aloha network fol-




T ′(α1, α2) ⊂ So,u, (3.18)
where T ′(α1, α2) as shown in Figure 6 is the stability region when the channel behaves like
weak MPR.
In Figure 9, we plot the upper and lower bounds for the stability region of the two user
multicarrier Aloha network with ordered selection.
3.4 Conclusion
In this chapter, by allowing for multiple carriers, we have provided a simple 1-persistent
scheme to achieve any input rate vector in the stability region of two user Aloha network.
This can be achieved by allowing each user to select a fraction of the carriers randomly and
transmit whenever there is a packet to send. We have then studied the effect of multicarrier
diversity and shown that ordered selection based on channel gains can lead to increase in
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the stability region of two user Aloha networks. Specifically, we have provided upper and
lower bounds on the achievable rate region with ordered selection.
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CHAPTER IV
RANDOM ACCESS IN CAPTURE NETWORKS
4.1 Introduction
In [14] and the previous chapters, we have shown the power of the CAMCRA scheme for
a collision channel model. In the collision channel model [7], if more than one packet is
transmitted simultaneously, all the packets are assumed to be lost. The collision channel
model allows for tractable analysis and lends insight into the behaviour of the random access
scheme. In many physical channels, however, it is possible to recover at least one packet
even in the presence of multiple interferers. This is commonly referred to as the capture
effect [23, 29, 40]. For example, in the presence of fading, the varying power levels of received
packets can be exploited to increase the packet reception probability [23, 29, 22]. For single
antenna networks, at most one packet can be resolved in the event of interference [30, 2, 11].
In this chapter, we illustrate the power of the CAMCRA scheme for stabilizing single
antenna networks with capture.
To analyze stability of networks with capture, two popular models have been used
in the literature: infinite user model and finite user model. For the infinite user model,
the total number of packets in the network awaiting transmission (backlogged packets) is
modelled as a Poisson random variable with finite mean. To stabilize the network, the
packet transmission probability is adjusted dynamically to avoid unbounded increase in the
number of backlogged packets. These networks have been discussed in [29, 40, 3] and the
references therein.
For the finite user model, the total number of users is fixed and each user is assumed
to be equipped with a buffer capable of holding arbitrarily large but fixed number of pack-
ets [50, 49, 46]. The goal is then to design a random access scheme so that buffer of each user
does not overflow. From the results reported in [2], the finite user random access networks
with capture is unstable for most fading channels in practice if the transmission probability
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is independent of the network population. While it is implicit in the work of [2], it has
been explicitly stated and proved in [38] for Rayleigh faded networks. In [38], a population
dependent transmission control has been provided as an alternative to stabilize random
access networks with capture. However, the population sometimes varies dynamically with
time and its information is not available. The population dependent transmission control
in [38] is not feasible in this case. Furthermore, the capture channel considered in [38] is
capable of multipacket reception (MPR), i.e., more than one packet can be resolved in the
event of collision. Most MPR channels require advanced signal processing techniques that
may be costly to implement on a large scale in practice. Therefore, in this chapter we show
how the CAMCRA scheme can be used as a population independent transmission control
scheme to stabilize random access networks with capture capable of at most single packet
reception [13].
The chapter is organized as follows: In Section 4.2, we provide sufficient motivation for
the problem considered in this chapter. We also describe the capture effect in fading channels
and define the packet reception probability. In Section 4.3, we study the stability properties
of multicarrier networks with capture under the NS-RA scheme described in Section 2.4 of
Chapter II. In particular, we show that the network experiences instability under existing
transmission control schemes without knowledge of network population. In Section 4.4, we
introduce a generic random access scheme [14] suited for multicarrier networks. The scheme
essentially allows for channel selection based on instantaneous gains. For ease of analysis,
we define a parameter called the population density and consider networks with different
population densities: optimally populated, densely populated, and sparsely populated. In
Section 4.4.1, we prove that the proposed population independent transmission control
scheme stabilizes random access networks with capture by deriving a concise expression
for the maximum achievable throughput. We discuss the effect of multicarrier diversity on




Consider a random access network consisting of n users occupying a bandwidth of B Hz
wanting to access a base station (BS). In this chapter, we assume that all users experience
Rayleigh fading and that the transmission is slotted into intervals of equal length. Moreover,
channel fades corresponding to different users are assumed to be independent as in [18]. If




where h denotes the channel power, θ is a random phase term, and w denotes the additive
noise. In this chapter, w is assumed to be white Gaussian with zero mean and variance,
E{|w|2} = N0. We also assume that each user has access to its channel gain, h. This is
facilitated by allowing pilot symbols to be transmitted at regular intervals [18].
Let {hk}nk=1 denote the instantaneous channel gains of the users contending for a par-
ticular channel in a particular time slot. In this chapter, we assume that hk are independent
and identically distributed (i.i.d.) with finite mean i.e., E{hk} < ∞. Let {sk}nk=1 denote
the messages (symbols) of the n users with E{sk} = 0 and E{|sk|2} = P0. For simplicity






jθksk + w (4.1)
where w is the additive white noise. Various definitions of successful packet capture [23, 39,
29, 22, 2, 9, 6, 38, 55] have appeared in the literature over the years (see [48] for a detailed
description). We follow the definition in [22].
Definition: Consider a random access network with n users contending for a particular
carrier. For the received signal y given by (4.1), let Pk = Pk(h1, h2, ..., hk) denote the
symbol error probability of the kth user. Given ǫ > 0, the symbol (packet) of the kth user
is successfully captured if and only if
Pk < ǫ. (4.2)
In [23, 29, 2], packet of user k is said to be successfully captured if the received signal








for some λ > 0. When the symbols sk in (4.1) are chosen from a fixed constellation, we show
that (4.3) and (4.2) are equivalent provided the multiuser interference is Gaussian. In fact,











where the constant γ depends on the constellation size and Q(.) is the error function which
is strictly decreasing.We find that (4.3) and (4.2) are equivalent with λ = (Q
−1(ǫ))2
γ . For
any reasonable target error probability ǫ in practical communication networks with a single
antenna at the receiver, it can be ensured that λ > 1 or, equivalently, at most one packet
is captured by the channel [30, 2]. The definition given by (4.2) is more general and
encompasses multicarrier networks as will be seen later.
4.2.1 Stability of finite user random access with capture
In the finite user model [7], the total number of users in the network n is fixed. In any time
slot, each user transmits with a probability pn. Let an denote the average number of packets
successfully received when n users contend for a particular channel. Obviously, in single
packet reception channels an < 1 and is interpreted as the packet reception probability.
The quantity a = limn→∞ an denotes the maximum achievable throughput [40, 7, 38] of the
network assuming a finite user model. By Loynes Theorem [35], the maximum achievable
throughput is in turn equal to the maximum allowable input rate of the random access
network.
The stability issue for random access networks with capture for finite user model has
been discussed in [2, 38]. In [2], packet reception models are considered where the probability
distribution of the channel gain hk of user k has a non-zero roll-off factor δ, i.e.,
lim
h0→∞
Pr{hk > h0}hδ0 = c (4.4)
for some constant c < ∞. Allowing a packet transmission probability of pn = 1, it is shown
(see Proposition 3.1 of [2]) that a = limn→∞ an > 0 if and only if 0 < δ < 1. Thus random
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access networks with capture are stable if and only if the roll-off factor for the channel
distribution is less than unity. However, as pointed out in [55], it is easy to see that if
the roll-off factor satisfies 0 < δ < 1 then the average channel gain of any user is infinite,
i.e., E{hk} = ∞! In any physically meaningful model it is reasonable to assume that the
average channel gain of any user is finite1. The results stated in [2] still hold for any
transmission probability pn = p < 1 (independent of n) and any single packet reception
channel. In [38], multipacket reception models are considered for random access networks
with capture. In particular, code division multiple access (CDMA) networks with linear
minimum mean-square error (LMMSE) receivers are considered and population dependent
(pn not a constant) transmission scheme is proposed as an alternative to stabilize random
access networks with capture. Usually, channels capable of resolving multiple packets require
advanced signal processing techniques that significantly increase the network complexity and
cost. Also, in many practical channels, the network population may vary dynamically and
it may not be possible to obtain a very accurate estimate of the network size.
This motivates the need for stabilizing finite user random access networks operating
on channels capable of resolving at most one packet per slot. Also, it is desired that the
scheme be population independent. In this chapter, we show that the CAMCRA scheme [14]
is an effective population independent transmission control scheme that stabilizes finite user
single packet reception random access networks with capture.
4.3 Multicarrier Networks with NS-RA
Consider a network with Nu users and Nc carriers occupying a total bandwidth B Hz. In
the NS-RA scheme described in Section 4.4, each user transmits on a carrier of bandwidth
B
Nc
Hz and attains a rate of RNc bits/sec on any particular carrier, where R denotes the
overall transmission rate. Also, it is obvious that in each of the Nc carriers, all the Nu
1In much of the literature, e.g. [38, 2, 23], for a user k at a distance rk from the BS, the channel gain hk
is modelled as hk = he
ξKr
−β
k , where h is exponentially distributed random variable, ξ is a Gaussian random
variable with zero mean and finite variance, K denotes the path loss constant, and β > 2 is the path loss
exponent. In fact, h models the Rayleigh fading component, eξ accounts for shadowing, and Kr−βk is the
signal attenuation due to path loss. To compute the asymptotic throughput a = limn→∞ an, usually, πr
2
k is
assumed to be uniformly distributed in [πr20, πr
2
1] for some r1 > r0 ≥ 0 [22, 23, 2]. In fact, Proposition 3.1
of [2] implies that a > 0 if and only if r0 = 0. However, r0 = 0 and β > 2 again implies E{hk} = ∞!
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users contend for packet transmission. For a particular carrier j, let h1, h2, ..., hNu denote
the instantaneous channel gains of the users. It can be easily seen that when the channel is
able to capture at most one packet, the power level of the successfully captured packet is




k hk − hmax
> λ.

















and the overall network throughput is Nc
aNuR
Nc
= aNuR. For simplicity,
henceforth we assume that R = 1 and study the behaviour of the network throughput aNu
as Nu varies. If all the users in the network undergo independent and identical fading, then
we can prove the following proposition regarding aNu (see Appendix C).
Proposition 7 Consider a network with Nu users and Nc carriers. In the NS-RA scheme,
all the Nu users contend in each of the Nc carriers and the packet reception probability in
any carrier is aNu given by (4.5). We have that as Nu → ∞,
aNu → 0. 2
As mentioned before, the quantity limNu→∞ aNu denotes the maximum allowable input
rate of the random access network. Thus the slotted random access networks with capture
following the NS-RA scheme is unstable for any non-zero input rate. In what follows, we
show that the CAMCRA scheme does not suffer from such instability properties.
4.4 Multicarrier Networks with CAMCRA
The main idea of this chapter is to illustrate the improved stability properties of random
access networks employing the CAMCRA scheme (see Section 2.3 of Chapter II).
In the CAMCRA scheme, we recall that each user is allowed to select the carrier with
the best instantaneous gain. This can be generalized to allow each user to select c ≥ 1
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carriers. In the CAMCRA scheme with random selection, we allow the users to select the
c carriers randomly. In the CAMCRA scheme with ordered selection, each user orders his
channel gains in descending order and chooses the first c carriers. First, we discuss the
CAMCRA scheme with random selection and show improvement in stability region over
the NS-RA scheme. Then, we discuss the CAMCRA scheme with ordered selection.
4.4.1 Random Selection
In the previous section, we have seen that the existing transmission control schemes intro-
duce instability in random access networks with capture. In this section, we prove that the
CAMCRA scheme proposed in this chapter stabilizes such networks with capture and has
a transmission control that is population independent. Here, we consider the CAMCRA
scheme with random selection. In Section 4.4.6, we consider the CAMCRA scheme with
ordered selection.
For the rest of this section, we let the carriers of each user to be i.i.d. with finite average
channel gain. Since the carriers for user 1 are i.i.d., then the probability that a particular
carrier j is chosen for transmission is given by p = 1Nc where Nc refers to the total number
of carriers. Let nj denote the number of users contending for the j
th carrier. Since each of
the Nu users has a probability p of choosing carrier j, it can be easily seen that





















ak Pr{nj = k} (4.7)
where ak is given by (4.5).
For the ease of analysis, we define the population density of a network with Nu users





In this chapter, we consider three possible ranges of population density [14]:
(a) Optimally populated: 1 ≤ α < ∞.
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(b) Densely populated: α → ∞.
(c) Sparsely populated: α < 1.
4.4.2 Optimally Populated Networks
In optimally populated networks, the total network population is of the same order of the
number of carriers, i.e., NuNc = α is fixed. To study the stability properties of such networks,
it is necessary to obtain the asymptotic behaviour of the average packet reception proba-
bility, TNu , given by (4.7). Regarding the asymptotic capture probability of multicarrier
networks following the CAMCRA scheme with random selection, we can prove the following
important result (see Appendix C).
Proposition 8 Consider an optimally populated slotted random access network with cap-
ture consisting of Nu users and Nc carriers. Let TNu given by (4.7) denote the average
number of successfully received packets per carrier. Then for any α > 0, as Nu, Nc → ∞,
we have








and ak is given by (4.5). 2
Even though an → 0 as n → ∞, we find that ζ(α) ≥ e−αα > 0 for any finite value of
the network density α. Note that for a particular network density α, ζ(α) > 0 represents
the maximum allowable input rate that does not result in buffer overflow. In fact, if the
random access network consists of Nu users and Nc carriers, Nu, Nc large, the total input





without causing buffer overflow for any user.
Moreover, any user that has a packet to transmit does so at the beginning of each time slot
with probability one irrespective of the number of users contending. Thus we have stabilized
random access networks with capture using a population independent transmission control
scheme.
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So far, we have considered optimally populated networks where the population density
α is finite. In what follows, we let α → ∞ (densely populated) and α → 0 (sparsely popu-
lated) and study the stability properties on the CAMCRA scheme with random selection.
It is important to note from the description in Section 4.4 that the NS-RA scheme has the
same maximum achievable throughput (of zero) irrespective of the population density α.
4.4.3 Densely Populated Networks
When the network is densely populated, the number of users occupying the network Nu far
exceeds the available number of carriers Nc, i.e., Nc = o(Nu). From (4.7), we find that for





















In Appendix C, we have proved the following proposition regarding the throughput of
densely populated networks.
Proposition 9 Consider a densely populated random access network with capture with Nu
users and Nc carriers. Let TNu given by (4.7) denote the average number of successfully
received packets per carrier. Then as Nu, Nc → ∞ with Nc = o(Nu), we have
TNu → 0. 2
Thus we find that densely populated random access networks with capture following the
CAMCRA scheme with random selection perform as poorly as the NS-RA scheme. This
is intuitive since at large population densities, the average number of users contending for
any single channel in the CAMCRA scheme is comparable to that of the NS-RA scheme.
4.4.4 Sparsely Populated Networks
By sparsely populated networks, we mean that the number of carriers available is more
than the total number of users in contention, i.e., Nc ≥ Nu. When the network is sparsely
populated, we allow each user to choose more than one carrier. Let each user choose c > 1
carriers randomly to transmit packets. It can be easily seen that the probability a particular
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Let nj denote the number of users contending for a particular carrier j. It can be easily
seen that

















Hence the average number of packets successfully received per carrier in a sparsely populated





























we find that Nu
c
Nc
= α and the network behaves like an optimally populated network
with density α. Therefore, from Proposition 8, we can determine the maximum achievable
throughput when the network is sparsely populated.
Proposition 10 Consider a sparsely populated random access network with capture with
Nu users and Nc carriers. Let each user select c =
Nc
Nu
α carriers to transmit packets. Let
T ′Nu given by (4.10) denote the average number of packets successfully received per carrier.
Then as Nu, Nc → ∞, we have
T ′Nu → ζ(α),
where ζ(.) is given by (4.9). 2
We now determine the optimal value of α that maximizes the throughput ζ(α). In fact,
in Appendix C, we have proved the following proposition regarding the maximal value.
Proposition 11 Let an be any sequence with the following properties:
(a) limn→∞ an = a ≥ 0,
(b) an ≥ a, ∀ n and
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(a) ζ∗ > a
(b) ∃ α∗ < ∞ s.t. ζ(α∗) = ζ∗
(c) ∃ α0 < ∞ s.t. ∀ α > α0, we have ζ(α) > 1. 2
Note that for the random access network with capture, the sequence an given by (4.5)
satisfies the requirements of the above proposition. The term ζ∗ defined by (4.11) is the
maximum throughput achievable from the CAMCRA scheme. The above theorem states
the the maximum is achievable at a finite population density α∗. Therefore, if each user is
allowed to select c = NcNu α
∗ carriers, we find that the sparsely populated network achieves
an overall throughput of ζ∗ = ζ(α∗).
We also see that beyond a certain value of the population density the CAMCRA scheme
is always beneficial, though however, the effects are reduced at very high population density.
4.4.5 Example: Rayleigh Fading
For illustration, let us consider a typical Rayleigh fading scenario in which Nu users contend
for a particular carrier. For purposes of clarity, we shall consider the case where the channel
gains of each user are i.i.d. exponentially distributed with unit mean. If h1, ..., hNu denote
the i.i.d. instantaneous channel gains for the users, then Pr{h1 > h} = e−h. Also, if
hmax = max1≤k≤Nu hk, then Pr{hmax > h} = 1 − (1 − e−h)Nu . Let SNu =
∑Nu
k=1 hk. If aNu
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Figure 10: Throughput of random access networks with capture following the NS-RA
scheme for various values of threshold λ.







































λ + 1 + λk
)Nu
. (4.12)










as Nu → ∞. In Figure 10, assuming a value of N0 = 0 dB, we have plotted the packet
reception probability for Rayleigh faded networks with capture as a function of the network
size Nu for various values of threshold λ, which depends on system parameters.
In the NS-RA scheme with Nu users and Nc carriers, we have already seen that the
average packet reception probability in any carrier is precisely arayNu . Since the average packet
reception probability is asymptotically equal to the maximum allowable input rate [7],
from the above discussion it is apparent that the maximum allowable input rate in the
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Figure 11: Throughput of random access networks with capture following the CAMCRA
scheme with random selection for various values of threshold λ.
NS-RA scheme is zero. However, in the CAMCRA scheme with random selection, for a
population density α, it follows from Proposition 2 that the maximum allowable input rate




k! . In Figure 11, we have plotted ζ
ray(α) as a function of α
assuming that N0 = 0 dB for different values of the threshold λ. It can be inferred from the
figure that as long the population density is less than a certain critical value, it is possible
to attain the maximum throughput. This is achieved by allocating more channels to each
user as discussed in sparsely populated networks.
4.4.6 Ordered Selection
Consider a network with Nu users and Nc carriers with Nu ≥ Nc. In the CAMCRA scheme
with ordered selection, each user orders the channel gains in descending order and chooses
a carrier. The carrier chosen has the best channel gain among all other carriers for that
user.
Suppose that h1, ..., hn denotes the instantaneous channel gain for user i on carrier j.
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where hmax = max1≤k≤n hk. For a fixed n, in Appendix C, we have proved the following
interesting fact regarding the behaviour of aordn as Nc → ∞.
Proposition 12 Consider a network with Nu users and Nc carriers following the CAM-
CRA scheme with ordered selection. Given that n users contend for a particular carrier,
the average number of successfully received packets is aordn given by (4.13). For a fixed n, as
Nc → ∞, we have
aordn → 1 (n ≤ λ−1 + 1), (4.14)
where 1 (E) refers to the indicator function of the event E. 2
Note that for channels supporting single packet reception, λ > 1 and hence only one packet
is successfully received. However, in channels supporting multipacket reception, we can have
λ < 1 [2, 11, 30]. If aordn denotes the reception probability, then na
ord
n denotes the average
number of successfully received packets. Thus, as long as the number of users contending
for a particular carrier is less than a certain fixed upper limit, all the packets transmitted
are guaranteed to be received successfully.
Let T ordNu denote the average number of packets received successfully per carrier. From




aordk Pr{nj = k}, (4.15)
where Pr{nj = k} is given by (4.6). We now study the behaviour of T ordNu in optimally,
densely, and sparsely populated networks.
4.4.7 Densely Populated Networks
When the network is densely populated, following the lines of proof of Proposition 3, it
can be shown that T ordNu → 0 as Nu, Nc → ∞. Thus, in densely populated networks, the
CAMCRA scheme with ordered selection offers no more throughput gain that the CAMCRA
scheme with random selection.
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4.4.8 Optimally Populated Networks
In Proposition 2, we have obtained the average number of successful packets for an op-
timally populated network following the CAMCRA scheme with random selection. For
any population density α, we have proved that the maximum achievable throughput in the
CAMCRA scheme is ζ(α) given by (4.9). A similar analysis holds for networks following
the CAMCRA scheme with ordered selection. In fact, substituting (4.13) in (4.9) we get
the following result.
Proposition 13 Consider an optimally populated slotted random access network with cap-
ture consisting of Nu users and Nc carriers. Let TNu given by (4.15) denote the average
number of successfully received packets per carrier. Then for any α > 0, we have








and K0 is the integer part of λ
−1. 2
4.4.9 Sparsely Populated Networks
When the network is sparsely populated, each user selects c > 1 best carriers to transmit
packets. Then the probability that a particular carrier j is assigned to user 1 is p = cNc
and the average packet reception probability is given by (4.10). As discussed before, if
for some α > 0, each user chooses c = NcNu α carriers, we find that Nu
c
Nc
= α and the
network behaves like an optimally populated network with density α and attains a maximum
throughput of ζord(α) given by (4.17). If ζord(α∗) = supα>0 ζ
ord(α), then by an analysis
similar to Proposition 5, we can conclude that c = NcNu α
∗ maximizes the network throughput
to ζord(α∗).
In Figure 12, assuming a value of K0 = 5, we have plotted the asymptotic throughput
curves of the CAMCRA scheme with random and ordered selection. As we can see from
the figure, for low and moderate values of population density α, ordered selection yields
a very high throughput compared to random selection. However, for large values of α,
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Figure 12: Throughput comparison for random access networks with capture following
the CAMCRA scheme (a) Solid: Ordered Selection (b) Dotted: Random Selection.
random selection is seen to perform better than ordered selection. The phenomenon can
be intuitively explained as follows: For a network with Nu users and Nc carriers following
the CAMCRA scheme with ordered selection, it can be seen from (4.6) that the average
number of users per carrier is α = NuNc . It is also important to note from Proposition 6 that
as long as the number of users contending for a particular carrier is below a certain limit,
the packets of all the users is successfully received. Otherwise, no packet is successfully
received. When the population density α is low or moderate, since the average number of
users per carrier is α, with very high probability all the users contending for a particular
carrier successfully transmit their packets. When α is very high, then on an average the
number of users per carrier is very high, and hence with very low probability, the users get
to successfully transmit their packets.
4.5 Conclusion
In this chapter, we have studied the effect of CAMCRA scheme on the stability of random
access networks with capture. In particular, we have shown that the proposed CAM-
CRA scheme has population independent transmission control and yet stabilizes capture
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networks. This is in contrast to the existing schemes which exhibit instability if the trans-
mission control is unaware of the network population.
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APPENDIX A
A.1 Proof of Proposition 1








→ 0 as n → ∞. Suppose ω > 0.










. We can see that βn → 1 as n → ∞, and that αn is a decreasing
sequence with αn → e−1 as n → ∞. In particular for sufficiently large n, αn ≤ 23 < 1. Thus,






)nω → 0 as n → ∞. It follows that an(ω) → 0 as
n → ∞. 2
A.2 Proof of Proposition 2
Consider a network with Nu users and Nc carriers following the CAMCRA scheme with
channel uncertainty ω given by (2.2). In the CAMCRA scheme, we see from (4.6) that in
any time slot the number of users in a particular carrier j is a random variable. Given that
n users contend for carrier j, let a′n(ω) denote the success probability. The following lemma
gives the exact expression for a′n(ω) and its asymptotic behaviour.
Lemma II.1: We have
a′n(ω) = np̂n(1 − p̂n)n−1, (A.1)




Nc . Moreover, a′n(ω) → 0 as n → ∞.
Proof: For the ith user, let ĥi,k = hi,k + ei,k denote the instantaneous estimated channel
gain on any carrier k. Since for any k, ĥi,k is complex Gaussian, i.i.d., with zero mean and
E{|ĥi,k|2} = σ2act, we have that |ĥi,k|2 is exponentially distributed with Pr{|ĥi,k|2 > h} =
e
− h
σ2act . Suppose that n users contend for carrier j0 and let p̂n denote the probability that
a particular user transmits in j0. Without loss of generality, let users 1 ≤ i ≤ n contend
for j0. Since we consider the collision model, we can see that the probability of success is
a′n(ω) = np̂n(1 − p̂n)n−1. From the description of the CAMCRA scheme, we note that for
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any 1 ≤ i ≤ n, |ĥi,j0 |2 = max1≤k≤Nc |ĥi,k|2 and hence Pr{|ĥi,j0 |2 > h} = 1 − (1 − e
− h
σ2act )Nc .
If σ2act were known exactly, then every user i contending for j0 chooses a threshold Ĥ0(n),









However, since the estimated variance of the channel coefficient ĥi,k is σ
2
est, each user









= −σ2est log δn. Hence we have




σ2act )Nc = 1 − (1 − δ1−ωn )Nc , from which (A.1)
follows.












for large n and Nc. Therefore,

















+ o(1) which can be rewritten







+ o(1) ω > 0
1
(nNc)−ω
+ o(1) ω < 0.
From the above equation, it is immediately obvious that a′n(ω) → 0 as n → ∞ for any
ω 6= 0. 2
Proof of Proposition 2 : For any particular carrier j, let nj denote the number of users
contending in any particular time slot in that carrier. From (4.6) we find that

















From (A.2) and Lemma II.1, it follows that the average probability of success per slot in




a′k(ω) Pr{nj = k}. (A.3)
To prove the statement in Proposition 2, we need to use the following lemma which can be
found in pp. 37 − 39 of [45].
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Lemma II.2: Consider the binomial coefficient given by (A.2). Then as Nu, Nc → ∞, with
α = NuNc fixed, we have













for some constants d1, d2, and d3.2
Substituting (C.6) in (A.3), and allowing a′k = a
′






















k! (d1 +d2k +d3k





























from which (2.8) follows. 2
A.3 Proof of Proposition 3
Consider a network with Nu users and Nc carriers. To prove (2.15) and (2.16), we first note
from (2.14)
ηsc(α, ω) = Nu(1 − p̂Nu)Nu−1E{R̂1 } = Nup̂Nu(1 − p̂Nu)Nu−1 log2(1 + B2 lnNu)
︸ ︷︷ ︸
E1




where B2 = 1 if ω = 0 and B2 = σ2est if ω 6= 0.
If ω = 0, then we have from (2.6) that p̂Nu =
1
Nu













est lnNu). If ω < 0, we immediately




= o(1). If ω > 0, then using 1 − x < e−x, we have E1 <
Nωu e
−Nωu log2(1 + σ
2
est lnNu) = o(1).


















σ2act , Ĥ ′0 = σ
2
est lnNu and H1 = σ
2
est ln lnNu. We have that















for some sufficiently large constant K1.




















for some H ′′0 ∈ (Ĥ ′0, Ĥ ′0 + H1).





















1 + H ′′0













If ω = 0, since H ′′0 = lnNu +o(lnNu), each of the term within the brackets is o(1). If ω 6= 0,
by an analysis similar to that of E1 and Proposition 1 we can show that each term is o(1). 2
A.4 Proof of Multiuser Diversity Theorem
Let {hi}ni=1 and {ei}ni=1 denote the instantaneous channel fading coefficients and the errors
in the channel estimate of the n users in a particular carrier. From (2.17), we find that
E{R̂} = E{log2(1 + |hM |2)}, where |hM + eM |2 = max1≤k≤n |hk + ek|2. Also we note that
|hM + eM | ≤ |hM |+ |eM | ≤ |hM |+ Emax, where Emax = max1≤k≤n |ek| and E{|ek|2} = σ2e .
Thus, we can write |hM |√
ln n
≥ fn ∆= |hM+eM |√ln n −
Emax√
ln n
from which we get
E{R̂} ≥ E{log2(1 + f2n lnn)}. (A.8)
From [21], we can show that |hM+eM |
2
ln n → σ2act and
E2max
ln n → σ2e in probability. Thus,
fn → A = σact − σe in probability. Hence, it can be easily shown that
S(n) = log2
(
1 + f2n lnn
1 + A2 lnn
)
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converges to zero in probability.






e lnn + σ
2
eγ + o(1), where



















































2 + o(1). Since supn E{|f4n|} < ∞, it follows that |fn|2 is uniformly integrable (u.i.).
Hence given ǫ > 0, there exists M sufficiently large s.t. for all n
E{|fn|21 (|fn| > M)} < ǫ and Pr{|fn| > M} < ǫ,
where 1 (B) refers to the indicator function of set B [34]. Now,
E{S(n)} = E{S(n)1 (|fn| > M)}
︸ ︷︷ ︸
E1




Now if |fn| ≤ M, it can be easily shown that there exists B1 > 0 s.t. S(n) ≤ B1 for all
n. And since S(n) → 0 in probability, it follows from Bounded Convergence Theorem [34]
that E2 = E{S(n)1 (|fn| ≤ M)} → 0 as n → ∞. Now, using the fact that ln(1 + x) ≤ x for
all x > 0, we get
E1 = E{S(n)1 (|fn| > M)} = E{log2
(
1 +
(f2n − A2) lnn
1 + A2 lnn
)





ln n + A
2
1 (|fn| > M)
}
≤ B1E{f2n1 (|fn| > M)} + B2 Pr{|fn| > M} ≤ B3ǫ
for some sufficiently large constants B1, B2, B3 > 0. This implies that E1 → 0 as n → 0
implying that E{S(n)} = E1 + E2 = o(1). Therefore from (A.8) we find that E{R̂} ≥
E{log2(1 + f2n lnn)} = E{S(n)} + log2(1 + A2 lnn) = log2(1 + A2 lnn) + o(1). 2
A.5 Proof of Proposition 4
Let ĥi,j denote the channel estimate of the i
th user on the jth carrier. In the CAMCRA
scheme we note from the description that the number of users contending per carrier varies
from slot to slot. If nj denotes the number of carriers in a particular slot in carrier j, then
Pr{nj = k} is given by (4.6). By an arguement similar to the derivation of (3.1) and (2.13)
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Pr{nj = n}n(1 − p̂n)n−1E
{
R(|ĥm(1),1|2)1 (|ĥm(1),1|2 > Ĥ ′0)
}
(A.9)
where m(1) = arg max1≤i≤Nu{|hi,1 + ei,1|2} and Ĥ ′0 is the threshold chosen by each user.
Using Lemma II.2 and shortened notations, we have











np̂n(1 − p̂n)n−1E{R̂} + I1 + I2
















E{R̂1 }. It remains to prove that I1 = o(1) = I2.
First, similar to proof of Proposition 3, it can be shown that |E{1 }E{R̂}−E{R̂1 }| = o(1)
independent of n and hence immediately I1 = o(1).
Secondly, we note that E{R̂1 } = E
{
R(|ĥm(1),1|2)1 (|ĥm(1),1|2 > Ĥ ′0)
}
< E{R(|ĥm(1),1|2)}
< E{max1≤i≤Nu,1≤j≤Nc R(|ĥi,j |2)} = log2(1+σ2act lnNuNc)+o(1) < B log2(1+ln Nu)+o(1)
for some sufficiently large constant B > 0. Therefore I2 < B1 ln ln NuNu = o(1) for some
sufficiently large constant B1 > 0.
To prove (2.19), we use the lower bound of MDT to obtain












a′n log2(1 + A
2 lnnNc) + o(1)
≥ log2
(









a′n + o(1). 2
A.6 Proof of Proposition 5
Consider a network with Nu users and Nc carriers with the opportunistic splitting algorithm
being applied on each carrier. First, we let the uncertainty ω = 0. In the NS-RA scheme we
notice that all the Nu users contend in each carrier. If the random variable XNu denotes
the number of slots required to resolve the collision in a particular carrier j, then from
Lemma 1 of [53] we know that E{XNu} ≤ log2 Nu + 1 which implies that XNu < ∞ a.s.
Moreover, if Nt minislots are totally allocated for collision resolution, then we see that the
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average success probability is ζ ′sc(α, 0) = Pr{XNu ≤ Nt} > 1 − ǫ for any ǫ ∈ (0, 1) and for
sufficiently large Nt.
We now let the uncertainty ω 6= 0. For carrier j, let {|ĥi,j |2}Nui=1 denote the estimated channel
gains of the users. From the description of the opportunistic algorithm we find that at level
k, the real line is split into intervals of the form [σ2est ln(ak,lNu), σ
2
est ln(bk,lNu)] where ak,l
and bk,l are the threshold values for particular paths in the splitting tree. Thus for example
if pk denotes the probability that the splitting algorithm is able to resolve the collisions only
















































where the quantities A2,1, B2,1, A2,2, B2,2, A2,3, and B2,3 are all O(1). Continuing this way,
we can see that















For any finite Nt, from Proposition 1, we note that each term in the summation goes to
zero asymptotically and hence (2.20) follows. 2
A.7 Proof of Proposition 6
Let prsn denote the probability of success of the reservation scheme proposed in Section 2.7
when n users contend in a particular carrier. For i = 1, 2, ...n, let Xi ∈ {0, 1, ...Nt − 1} be
the random variable denoting the number chosen by user i. Successful reservation occurs if
min{Xi} is unique. Note that it is only a sufficient and not a necessary condition. Hence












In the CAMCRA scheme with reservation, each user contending in a particular carrier
chooses to ask for reservation if and only if its threshold is greater than a predetermined
threshold H0. Clearly the success probability would be reduced if all the users contending
ask for reservation. If nj denotes the number of carriers contending for carrier j, then the
probability of success can then be lower bounded as
ζ ′mc(α, ω) ≥
Nu∑
n=1
Pr{nj = n}prsn .
For asymptotics, we use Lemma II.1 and (A.10) and rewrite as

































B.1 Proof of Theorem 2
For simplicity, let n denote the total number of carriers and {Hk}nk=1 the channel gains.
Each of the random variable Hk is exponentially distributed with unit mean unit variance.
We arrange Hk in decreasing order and label them as Gk. We now prove Theorem 2 through
a series of Propositions.
Proposition A.1 : For any 0 < α < 1 and for any 1 ≤ k ≤ nα, let µk = E{Gk} denote the
mean of the random variable Gk. Then for sufficiently large n,
E{log2(1 + Gk)} = log2(1 + µk) + o(1),
where the o(1) term is independent of k.






k = E{(Gk −
µk)




l = lnn + γ + o(1), where γ = 0.577...





→ π26 as n → ∞. Now if k > k0 =
√
n, it is easy










dx = o(1). Thus if
√
n < k < nα,
σ2k
µ2k
can be made uniformly arbitrarily small. If k < k0 =
√















can be made uniformly arbitrarily small.
Thus, given any ǫ > 0, for all sufficiently large n, supnαk=1
σ2k
µ2k




then follows that fk are uniformly integrable (u.i.) and hence for any ǫ > 0, there exists
M > 1 s.t. for any n and for all 1 ≤ k ≤ nα,
E{|fk|1 (|fk| > M)} < ǫ and Pr{|fk| > M} < ǫ.





























E{S(k)} = E{S(k)1 (|fk| > M)}
︸ ︷︷ ︸
E1




If |fk| ≤ M, then it can be shown that S(k) is uniformly bounded for all 1 ≤ k ≤ nα.
And since S(k) → 0 in probability, it follows from Bounded Convergence Theorem that
E2 = o(1).
Now, using the fact that ln(1 + x) ≤ x for all x > 0, we get






1 (|fk| > M)
}
≤ B1E{|fk|1 (|fk| > M)} + B2 Pr{|fk| > M} ≤ B3ǫ
for some sufficiently large constants B1, B2, B3 > 0. This implies that E1 = o(1) and that
E{S(k)} = E1 + E2 = o(1). 2
From Proposition A.1 it follows that C(α) as defined in (3.10), can also be written as
C(α) = lim sup
n→∞
∑nα
k=1 log2(1 + µk)
nCmax
,
where Cmax = E{log2(1+H1)} =
∫∞
0 log2(1+x)e
−xdx. We have the following proposition.









Proof : From Proposition A.1, we have





k = lnn + γ + o(1) where γ = 0.577 is the Euler’s constant. Thus, given
0 < α < α′ < 1, we have that µnα ∼ − lnα > − lnα′ ∼ µnα′ . From Proposition A.2,
C(α′) − C(α) = lim sup
n→∞
∑nα′





k=1 log2(1 + µk)
nCmax
.
For any two sequences {an} and {bn}, it is a well known fact that if lim(an) exists, then
lim sup(an + bn) = lim(an) + lim sup(bn). Thus,
C(α′) − C(α) = lim
n→∞
∑nα′











The other part of the inequality can be shown similarly. 2
Allowing α′ → α in (B.1) we obtain C ′(α) = log2(1−ln α)Cmax and hence (3.11) follows.
Since the Gk’s are ordered random variables arranged in decreasing order, it follows that
log2(1 + Gk) are also arranged in decreasing order and
∑nα
k=1 log2(1 + Gk) ≥
∑nα
k=1 log2(1 +
Hk) or C(α) ≥ α. Defining g(α) = C(α) − α, it can be deduced that g′′(α) < 0 for all
0 < α < 1 implying that g is a non-zero concave function on (0, 1) and thus C(α) > α. 2
B.2 Appendix B.2: Proof of Claim in Theorem 3
Let α = α1α2, C(α1) = C1, C(α2) = C2, and C(α1α2) = C12. The three equations can be
rewritten as
C1 − C12 = γ2, (B.2)











From (B.4), we find that C1−C12 = C1C12C2 and that C2−C12 =
C2C12
C1
so that (B.2) and (B.3)
can be rewritten as C1C12C2 = γ
2 and C2C12C1 = (1−γ)
2 which gives us C12 = C(α) = γ(1−γ).
For a given γ, α can be determined uniquely as α = C−1(γ(1− γ)). Hence we need to solve
for α1 alone since α2 =
α
α1
. Since C1C2 =
γ





1 − γ . (B.5)
As function of α1, with α ≤ α1 ≤ 1, it can be seen that C(α1)C(α/α1) is an invertible function
with range [C(α), 1C(α) ]. Since C(α) = γ(1 − γ) and γ < 1, we find that
γ
1−γ ∈ [C(α), 1C(α) ]
and hence (B.5) has a unique solution. 2
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APPENDIX C
C.1 Proof of Proposition 7


























{1 − (1 − F )n}dGn +
∫ ∞
ǫ
{1 − (1 − F )n}dGn
∆
= I1 + I2,
where F (h) = Pr{h1 > h}.
Since E{h1} < ∞, by the Strong Law of Large Numbers (SLLN) (pp. 133 in [25]), we
have Tn → ∆ ∆= E{h1} a.s and hence Gn(t) → 1 {t>∆} where 1 {.} refers to the indicator









= 2 Pr{Tn < ǫ} < 2ǫ. (C.1)











< F (nBǫ) (C.2)
for some sufficiently large constant B > 0. It is well-known (pp. 46 in [25]) that if E{h1} <
∞,
n Pr{h1 > nBǫ} → 0
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< nF (nBǫ) < ǫ. (C.3)
From (C.1) and (C.3), we get that an < 3ǫ for sufficiently large n and the proof is
complete. 2
C.2 Proof of Proposition 8
For any particular carrier j let nj denote the number of users contending in any particular
time slot in that carrier. From (4.6) and (4.7), respectively, we find that





















ak Pr{nj = k}. (C.5)
To prove that TNu converges to ζ(α), i.e. to prove (4.8), we need to use the following lemma
which can be found in pp. 37 − 39 of [45].
Lemma II.1 : Consider the binomial coefficient given by (C.4). Then as Nu, Nc → ∞, with
α = NuNc fixed, we have











for some constants d1, d2 and d3. 2























k! ak(d1 + d2k + d3k
2). We know from Proposition 1 that ak → 0




































from which (4.9) follows. 2
C.3 Proof of Proposition 9
In densely populated networks, the number of users Nu far exceeds the number of carriers
Nc, i.e., Nu = o(Nc). Therefore as Nu, Nc → ∞, α = NuNc → ∞. We know from Proposition
2 that TNu → ζ(α) where ζ(α) is given by (4.9). It is easy to see that limα→∞ ζ(α) = 0.
However, we cannot let α → ∞ in Proposition 2 to prove Proposition 3. We proceed as
follows.
As before, let nj denote the number of users contending for the j
th carrier in any particular
time slot. Then we have from (4.6) that

























as Nu, Nc → ∞. Under such a condition, it is well known [45] that the probability distrib-














In fact, we have the following Lemma (pp. 82, Theorem 4 in [45]).
Lemma III.1 : For the binomial probability distribution given by (C.7), let Nc = o(Nu), i.e.,
let (C.8) be satisfied. Define








where µ and σ2 are given by (C.9) and (C.10), respectively. Then we have
Nu∑
k=0
|Pr{nj = k} − N (k)| =
c0
σ






In other words, the “distance” between the normal distribution and the binomial distribu-
tion becomes arbitrarily close.
In a densely populated network, let the average number of packets received per slot be TNu
given by (4.7). We know from Proposition 1 that the sequence ak in (4.7) satisfies ak → 0






















(1 + o(1)) + δk (C.14)
= Mo(1) + δk (C.15)
where (C.14) follows from (C.13) due to Lemma III.1 and (C.15) follows from (C.14) due




→ ∞, as Nu, Nc → ∞. If we can show that δk = o(1),
then the proof is complete.
























+ ǫ < 2ǫ
for sufficiently large Nu. 2
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and the sequence ak have the following properties: a) limk→∞ ak = a ≥ 0, b) ak ≥ a, ∀ k
and c) ∃ n0 s.t. an0 > a. We first prove the following lemma:
Lemma IV.1 : ∃ α1 < ∞ s.t. ζ(α1) > a.
Proof: Suppose ζ(α) ≤ a for all α. Since an < a for all n, we have that





















Proof of Proposition 5(a1): Since from Lemma IV.1 we have that ∃ α1 < ∞ s.t. ζ(α1) > a,
ζ∗ = sup
α>0
ζ(α) ≥ ζ(α1) > a. 2 (C.17)
Proof of Theorem 5(b1): Since limα→∞ ζ(α) = a it follows that that if (C.17) holds, ∃ α∗ <
∞ s.t. ζ(α∗) = ζ∗. 2
Proof of Theorem 5(c1): We have,






















easy to show that the function g is continuous in [0, β0]. Also, g(0) = −a < 0. It can be
shown easily that g(β0) > 0. Hence by Bolzano’s Theorem (pp. 153 in [5]), ∃ α0 ∈ [0, β0]
s.t. g(α0) = 0. Since the function g is strictly increasing, we have that ∀ α > α0, g(α) >
g(α0) = 0. Hence ζ(α) > 1 ∀ α > α0. 2
C.5 Proof of Proposition 12
Consider a network with Nu users and Nc carriers. In the PRA scheme with ordered
selection, each users selects one carrier with the maximum gain. Suppose that n users
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contend for a particular carrier. Also, let {hk}nk=1 denote the i.i.d. instantaneous channel











It is well-known that (see pp. 207 in [21]) that as Nc → ∞, h1 − lnNc converges in
distribution to F (h) = e−e
−h









= 1 {h>1}. (C.18)



















which completes the proof. 2
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